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SINGULAR INTEGRALS WITH ODD KERNEL 
ON LIPSCHITZ GRAPHS 



ALBERT MAS AND XAVIER TOLSA 

Abstract. We prove that, for p > 2, the p- variation and oscillation for the smooth trunca- 
tions of the Cauchy transform on Lipschitz graphs are bounded in L p for 1 < p < oo. The 
analogous result holds for the n-dimensional Riesz transform on n-dimensional Lipschitz 
graphs, as well as for other singular integral operators with odd kernel. In particular, our 
results strengthen the classical theorem on the L 2 boundedness of the Cauchy transform on 
Lipschitz graphs by Coifman, Mcintosh, and Meyer. 



1. Introduction 

The p-variation and oscillation for martingales and some families of operators have been 
studied in many recent papers on probability, ergodic theory, and harmonic analysis (see [Le], 
[Bo], [JKRW], [CJRW1], and [JSW], for example). The purpose of this paper is to establish 
some new results concerning the p-variation and oscillation for families of singular integral 
operators defined on Lipschitz graphs. In particular, our results include the LP boundedness 
of the p-variation and the oscillation for the smooth truncations of the Cauchy transform 
and the n-dimensional Riesz transform on Lipschitz graphs, for 1 < p < oo and p > 2. 

Given a Borel measure p in R d , one defines the n-dimensional Riesz transform of a function 
/ G L 1 ^) by R fM f(x) = lim^o Ref(x) (whenever the limit exists), where 

R$f(?) = [ | x ~l +l f(v) dp(y), x g R d . 

J\x-y\>e F - V\ 

When d = 2 (i.e., [i is a Borel measure in C), one defines the Cauchy transform of / G L l (n) 
by C^f(x) = lim^o Ctf(x) (whenever the limit exists), where 

C?f(x)= [ ^Uu(y), xGC. 
J\x— y\>e x V 

To avoid the problem of existence of the preceding limits, it is useful to consider the maximal 
operators R*f(x) = sup e>0 \R%f(x)\ and C£f(x) = sup e>0 \C?f(x)\. 

The Cauchy and Riesz transforms are two very important examples of singular integral 
operators with a C alder on- Zygmund kernel. The kernels K : W d \ {0} — > M. that we consider 
in this paper satisfy 

(1-1) \K(x)\<-^-, \d xi K{x)\<-^ and \d x S x] K{x)\ < 
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for all 1 < i, j < d and x = (x 1 , . . . , x d ) G ]R d \{0}, where < n < d is some integer and C > 
is some constant; and moreover K{— x) = —K(x) for all x ^ (i.e. K is odd). Notice that 
the n-dimensional Riesz transform corresponds to the vector kernel (x 1 , . . . ,x d )/\x\ n+1 , and 
the Cauchy transform to (x 1 , —x 2 )/\x\ 2 (so, we may consider K to be any scalar component 
of these vector kernels). 

Given an odd kernel K satisfying (1.1) and a finite Borel measure p in R d , for each e > 0, 
we consider the e-truncated operator 

T t p(x) = I K(x- y) dp.(y), x G R d , 

J\x-y\>e 

and then we set Tp(x) = lim^o T t p(x) whenever the limit makes sense, and T*p(x) = 
sup e>0 \T e p(x)\. Finally given / G L 1 ^), we define T?f(x) := T e (fp)(x), T»f(x) := 
T(fp)(x) and T*f(x) := T*(fp)(x). Thus, for a suitable choice of K, the operator 
coincides with the Cauchy or Riesz transforms. 

Besides the operator T t defined above, one can consider another e-truncated variant that 
we proceed to define. First we need some additional notation. Given x = (x 1 , . . . ,x d ) G M. d , 
we use the notation x := (x 1 , . . . , x n ) G W 1 . Let </?r : [0, oo) — > [0, oo) be a non decreasing 
C 2 function such that X[3^/E )0 o) < < X[2. 1^,00) (the numbers ?>y/n and 2.1-^/n are chosen 
just for definiteness and they are not important). Given e > and x 6 M. d , we denote 

p e (x) := p R (\x\/e) and p := {p e }e>o- 

Given K as above, x G W 1 , < e, and a finite Borel measure p, we set 

(K<p e * p)(x) := J p e (x - y)K(x - y) dp,(y). 

We also denote (Kip * p)(x) := {(Kip e * p)(x)} e> o. Finally, given / G L l (p), we define 
T$ e f(x) := (Kip e * (fp))(x), T^f(x) := lim^o T<£ e f(x) (whenever the limit makes sense), 
T$J{x) := sup e>0 \T$J(x)\, and T£f(x) := {T$J(x)} e>0 . 

Let X be a subset of M (in this paper, we will always have X = (0, 00) or X = Z), and let 
X := {X e } e6 j be a family of functions defined on R d . Given p > 0, the p-variation of X at 
x G M d is defined by 

V p (X)(x) := sup ( \F em+1 (x) ~ F £m (x)\f 

{e m } V mgZ 

where the pointwise supremum is taken over all decreasing sequences {e m } m6 ^ C X. Fix a 
decreasing sequence {r rn } me % C X. The oscillation of X at x G R d is defined by 

0(X)(x) := sup ( £ |X em (x) - F Sm (x)\ 2 ) ' , 

where the pointwise supremum is taken over all sequences {e m } me z C X and {<5 m } m gz C X 
such that r m+ i < e m < 5 m < r m for all m G Z. 

In this paper we are interested in studying the p-variation and oscillation for the family 
T<pf. That is, we will deal with 

(V P o T£)f(x) := V p (T£f)(x) = V p {Kp * (fp))(x) and 

(O o T^)f(x) := 0(T£f){x) = 0(Kp * (i»)(x), 

for a Borel measure p and / G L l (p). Although it is not clear from the definitions, these 
operators are p- measurable (see [CJRW1], [JSW]). 
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Given E C R d , we denote by H\ the n-dimensional Hausdorff measure restricted to E. 
Let r := {x G R d : x = (x,A(x))} be the graph of a Lipschitz function A : R n ->• R d ~ n 
with Lipschitz constant Lip(A). Let H 1 ^^) and BMO(Wf) be the (atomic) Hardy space 
and the space of functions with bounded mean oscillation, respectively, with respect to the 
measure "Hp. The following is our main result. 

Theorem 1.1. Let p > 2, let K be a kernel satisfying (1.1), and set u := H^. The operators 
V p o Ttp and O o Tp are bounded 

• in LP(n) for 1 < p < oo, 

• from H l (n) to L l (n), 

• from L l (pb) to L 1,co (fi), and 

• from L ao (fi) to BMO(n). 

In all the cases above, the norm of O o Tp is bounded independently of the sequence that 
defines O. 

Let us recall that the L 2 (%p) boundedness of the Cauchy transform on Lipschitz graphs 
T C C with slope small enough was proved by A. P. Calderon in his celebrated paper [Ca]. 
The L 2 boundedness on Lipschitz graphs in full generality was proved later on by R. Coifman, 
A. Mcintosh, and Y. Meyer [CMM]. 

Consider the Cauchy kernel K(z) = 1/z (z € C), and set n := so = Tt- By 
standard Calderon-Zygmund theory (namely, Cotlar's inequality), the L 2 {p) boundedness of 
the Cauchy transform C M is equivalent to the L 2 (p) boundedness of the maximal operator 
C* . Let denote the Hardy-Littlewood maximal operator with respect to the measure 
/i. It is easy to check that, for / G L 1 ^) with compact support, there exists some constant 
Co > such that 

C?f(x) < T$J(x) + CoM^f(x) < (V p o T£)f(x) + C M»f(x) 

for all e > 0, thus (V p o Tp) + CqM^ controls the maximal operator C* and, in this sense, 
Theorem 1.1 (together with the known L p (p>) boundedness of M^) strengthens the results 
of [Ca] and [CMM]. Analogous conclusions hold for the n-dimensional Riesz transform and 
the maximal operator Rt . 

The operator V p o Tp is also related to an important open problem posed by G. David 
and S. Semmes which actually is our main motivation to prove Theorem 1.1. We need some 
definitions to state it. 

Recall that a measure ji is said to be n-dimensional Ahlfors-David regular, or simply 
AD regular, if there exists some constant C such that C~ l r n < p{B(x,r)) < Cr n for all 
x G supp/x and < r < diam(supp;u). It is not difficult to see that such a measure \x must be 
of the form fx = ^"H™ U p PM , where h is some positive function bounded above and away from 
zero. A Borel set E C R d is called AD regular if the measure H\ is AD regular. One says 
that [i is uniformly n-rectifiable, or simply uniformly rectifiable, if there exist 6, M > so 
that, for each x £ supp^u and R > 0, there is a Lipschitz mapping g from the n-dimensional 
ball B n (0,R) C K n into R d such that Lip( 5 ) < M and n(B(x,R) n g(B n (0,R))) > 9R n , 
where Lip(^) stands for the Lipschitz constant of g. In the language of [DS2], this means that 
supp^ has big pieces of Lipschitz images ofR n . A Borel set E C R d is called uniformly n- 
rectifiable if Ti 1 ^ is n-uniformly rectifiable. Of course, the n-dimensional graph of a Lipschitz 
function is uniformly n-rectifiable. 

David and Semmes asked the following question, which is still open (see [Pa, Chapter 7]): 

Problem 1.2. Is it true that an n-dimensional AD regular measure p is n-uniformly recti- 
fiable if and only if R* is bounded in L 2 (jx) ? 
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It is proved in [DS1] that if p is uniformly rectifiable, then Bit is bounded in L 2 (p). 
However, the converse implication has been proved only in the case n = 1 and d = 2, by 
P. Mattila, M. Melnikov and J. Verdera [MMV], using the notion of curvature of measures 
(which seems to be useful only in this case) . 

Set TIP := {Re} e >o- By combining some techniques from [DS2] and [To], in our forthcom- 
ing paper [MT] we show that the L 2 (p) boundedness of V p o LIP implies that p is uniformly 
n-rectifiable. Moreover, we also prove that V p o LIP is bounded in L 2 (p) for all AD regular 
uniformly n-rectifiable measures p. So we obtain the following theorem, which might be 
considered as a first approach to a possible solution of Problem 1.2: 

Theorem 1.3. Let p > 2. An n- dimensional AD regular measure p is uniformly n-rectifiable 
if and only if V p o LIP is a bounded operator in L 2 (p). 

An essential ingredient for the proof of this result is Theorem 1.1 above. The arguments 
and techniques used to derive the L 2 boundedness of V p oTZ^ on uniformly rectifiable measures 
from the L? boundedness of V p o TZ^ on Lipschitz graphs are quite delicate (lZy> is defined as 
LIP but using the family ip for the truncations). In particular, they involve the corona type 
decomposition introduced in [DS1]. For this reason, the proof of the preceding theorem is 
out of the scope of this paper and will appear in [MT] . 

Concerning the background on the p-variation and oscillation, a fundamental result is 
Lepingle's inequality [Le], from which the L p boundedness of the p- variation and oscillation 
for martingales follows, for p > 2 and 1 < p < oo (see Theorem 2.4 below for more details). 
From this result on martingales, one deduces that the p- variation and oscillation are also 
bounded in LP for the averaging operators (also called differentiation operators, see [JKRW]): 



As far as we know, the first work dealing with the p- variation and oscillation for singular in- 
tegral operators is the one of J. Campbell, R. L. Jones, K. Reinhold and M. Wierdl [CJRW1], 
where the L p and weak L 1 boundedness of the p-variation (for p > 2) and oscillation for the 
Hilbert transform was proved. Recall that, for / G L P (R) and i£R, 



and then the Hilbert transform of / is defined by Hf(x) = lim e _>.o LL e f(x), whenever the 
limit exists. Later on, there appeared other papers showing the LP boundedness of the p- 
variation and oscillation for singular integrals in R d ([CJRW2]), with weights ([GT]), or for 
other operators such as the spherical averaging operator or singular integral operators on 
parabolas ([JSW]). Finally, we remark that, very recently, the case of the Carleson operator 
has been considered too ([FT], [OSTTW]). 

Notice that the Hilbert transform is one of the simplest examples where Theorem 1.1 
applies (one sets T = M, i.e. A = 0), and so one obtains a new proof of the LP boundedness 
of the p- variation and oscillation for the Hilbert transform. In the original proof in [CJRW1], 
a key ingredient was the following classical identity, which follows via the Fourier transform: 



(1.2) 





(1.3) 



Qe = Pe * H, 



where P t is the Poisson kernel and Q t is the conjugated Poisson kernel. Using this identity 
and the close relationship between the operators Q e and H e , Campbell et al. derived the 
LP boundedness of the p- variation and oscillation for the Hilbert transform from the one of 
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the family {D t (H /)} e >o, where D t is the averaging operator in (1.2) (notice that P e can be 
written as a convex combination of operators D$, 5 > 0). 

In most of the previous results concerning p- variation and oscillation of families of oper- 
ators from harmonic analysis, the Fourier transform is a fundamental tool. However, this is 
not useful in order to prove Theorem 1.1, since the graph F is not invariant under translations 
in general. Moreover, even for the Cauchy transform, there is no formula like (1.3), which 
relates the truncations of a singular integral operator with an averaging operator applied to 
a singular integral operator, when T is a general Lipschitz graph. 

The main ingredients of our proof of Theorem 1.1 are the known results on the p- variation 
and oscillation for martingales (Lepingle's inequality [Le]) and a multiscale analysis which 
stems from the geometric proof of the L 2 boundedness of the Cauchy transform on Lipschitz 
graphs by P. W. Jones [Jnl] and his celebrated work [Jn2] on quantitative rectifiability in 
the plane, using the so called (3 coefficients. Some of the techniques in these papers were 
further developed in higher dimensions by David and Semmes [DS1] for Ahlfors-David regular 
sets. More recently, in [To] some coefficients denoted by a, in the spirit of the Jones' /3's, 
were introduced, and they were shown to be useful for the study of the L p -boundedness of 
C alder on- Zygmund operators on Lipschitz graphs and on uniformly rectifiable sets (see the 
definition below Theorem 1.4). In our paper, the a and /3 coefficients play a fundamental 
role. 

Let us remark that Lepingle's inequality, which asserts the LP boundedness of the p- 
variation of martingales, fails if one assumes p < 2 (see [Qi] and [JW], for example). More- 
over, this fact can be brought to the /9-variation of averaging operators and singular integral 
operators, thus it is essential to assume p > 2 in Theorem 1.1. Analogous conclusions hold 
if one replaces the £ 2 -norm by and ^-norm with p < 2 in the definition of O. See [CJRW1], 
or [AJS] for the case of martingales. 

Concerning the direct applications of Theorem 1.1, it is easily seen that the LP bound- 
edness of V p o Ttp yields a new proof of the existence of the principal values T$f(x) := 
lim e ^o Tp t f{x) for all / G L p (p) and almost all x G T, without using a dense class of func- 
tions in LP (pi) as in the classical proof. Moreover, from Theorem 1.1 one also gets some 
information on the speed of convergence. In fact, a classical result derived from variational 
inequalities is the boundedness of the X-jump operator N\ o Tip and the (a,b)-upcrossings 
operator N% o Tip. Given A > 0, / G L\ oc (p) and x G R d , one defines (N\ o T$)f{x) as the 
supremmum of all integers N for which there exists < e\ < Si < €2 < 62 < • • • < £n < 8n 
so that 

\T^f(x)-T^f(x)\>X 

for each i = 1, . . . , N. Similarly, given a < b, one defines (N^oTp )f(x) to be the supremmum 
of all integers N for which there exists < e± < S\ < €2 < 82 < ■ ■ ■ < £n < 5n so that 
Tp e .f(x) < a and T$ s .f(x) > b for each i = 1, . . . , N. Using Theorem 1.1 one obtains (by 
the same arguments as in [CJRW1, Theorem 1.3 and Corollary 7.1]) the following: 

Theorem 1.4. Let p > 2, X > 0, and let K, and p be as in Theorem 1.1. For 1 < p < 00, 

there exist constants C\ and C2 depending on p, n, d, K , and Lip(v4) (and on p for the case 
of C\ ) such that 

\W x oT£)f) l,p \\ LHp) < ^U/IUpoo and 
p({x G r : (N\ o 7?)/(s) > m}) < \\f\\ L ^y 
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Trivially, (N% o Tip)f < (Nj,- a o Tip)/, thus Theorem 1.4 also holds replacing A by 6 — a 
and iVA by iV*. In [JSW] it is shown that the results of Theorem 1.4 still hold when p = 2 
for the particular case of the Hilbert transform. In our paper we do not pursue this endpoint 
result. 

2. Preliminaries 

Throughout all the paper, n and d are two fixed integers such that < n < d. Given a 
point x = (x 1 , . . . , x d ) G R rf , we use the notation x := (x 1 , . . . , x n ) G R n . Given a function 
/ : R m — > R, we denote by V/ its gradient (when it makes sense), and by V 2 / the matrix of 
second derivatives of /. If / depends on different points xi,X2, ■ ■ ■ G R m , then V Xi f denotes 
the gradient of / with respect to the Xi variable, and analogously for V 2 ../. 

For two sets F\,F2 C R rf , we denote by dist^(i 7 i, F2) the Hausdorff distance between F\ 



and F2. We denote by C n the Lebesgue measure on R n , and for the sake of simplicity, we 
set || • ||p := || • ||iP(£n) for 1 < p < 00, and dy := dC n {y) for y G R n . 

In the paper, when we refer to the angle between two affine n-planes in M. d , we mean the 
angle between the n-dimensional subspaces associated to the n-planes. As usual, the letter 
'C stands for some constant which may change its value at different occurrences, and which 
quite often only depends on n and d. The notation A < B (A > B) means that there is some 
fixed constant C such that A < CB (A > CB), with C as above. Also, A ps B is equivalent 
to A < B < A. 

2.1. More about the family ip. Given x G R d , < e < 5, and a finite Borel measure p, 
we set tPt(x) := <p e {x) — ps{x) and we define 



(Kip* * p)(x) := J (p s e (x - y)K(x - y) dp(y), 



thus (Kip s e * p)(x) = (Kip e * p)(x) — {Kips * n)(x)- 

For m G N, x G R m , and R > r > 0, we denote by B m (x, r) the closed ball of R m with 
center x and radius r, and by A m {x, r, R) the closed annulus of R m centered at x with inner 
radius r and outer radius R. We also use the notation B{x,r) and A{x,r,R) when there is 
no possible confusion about m. 

Each function <p\ is non negative, and supp^f C A n {Q, 2.ley/n, 3Sy/n) x R d ~ n c R d . 
Moreover, J2jez V^-j- 1 ( x ) = 1 for 2? / 0, and there are at most two terms that do not 
vanish in the previous sum for a given x G R d . 

2.2. The a and f3 coefficients. Special dyadic lattice. Given m G N, A > 0, and a cube 
Q C R m (i.e. Q := [0, b) m + a with a G R m and b > 0), £(Q) denotes the side length of Q, 
zq denotes the center of Q and XQ denotes the cube with center zq and side length \£{Q). 
Throughout the paper, we will only use cubes with sides parallel to the axes. 

Let p be a locally finite Borel measure on M. d . Given 1 < p < 00 and a cube Q C R d , one 
sets (see [DS2]) 



l\HQ)"Jxi\ HQ) 

where the infimum is taken over all n-planes L in R d . For p = 00 one replaces the LP norm 
by the supremum norm: 

(2.2) /WQ)=inf{ bu P ^^}, 
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where the infimum is taken over all n-planes L in M. d again. These coefficients were introduced 
by P. W. Jones in [Jnl] for p = oo and by G. David and S. Semmes in [DS1] for 1 < p < oo. 

Let F C M. d be the closure of an open set. Given two finite Borel measures a, v on R d , 
one sets 

(2.3) distp-foi/) :=sup{|//da- //di/|: Lip(/) < 1, supp/ C f}. 

It is easy to check that this is a distance in the space of finite Borel measures a such that 
supper C F and a(dF) = 0. Moreover, it turns out that this distance is a variant of the well 
known Wasserstein distance W\ from optimal transportation (see [Vi, Chapter 1]). See [Ma, 
Chapter 14] for other properties of distp. 

Given a cube Q which intersects suppu, consider the closed ball Bq := B(zq,6£(Q)). 
Then one defines (see [To]) 

(2-4) aJJ(Q) := j^-^ jrf. dist B >, cU n L ), 

where the infimum is taken over all constants c > and all n-planes L in M. d . For convenience, 
if Q does not intersect supp/U, we set a™(Q) = 0. To simplify notation, sometimes we will 
write a^(Q) or a(Q) instead of a™(Q) (and analogously for the /3's). 

The following result characterizes uniform rectifiability in terms of the a and (3 coefficients. 

Theorem 2.1. Let fi be an n- dimensional AD regular measure on M d , and consider any 
p£ [1,2]. Then, the following are equivalent: 

(a) fi is uniformly n-rectifiable. 

(b) For any cube R C R d , 

(2.5) PpAQ?m n < Ci(R) n 

with C independent of R, where T> R d(R) stands for the collection of cubes of M. d 
contained in R which are obtained by splitting R dyadically. 

(c) There exists C > such that, for any cube R cR d , 

(2.6) a ^Q?^QT < Ci ( R ) n - 

The equivalence (a)<^=^(b) in Theorem 2.1 was proved by G. David and S. Semmes in 
[DS1], and the equivalence (a)<^=^(c) was proved by X. Tolsa in [To]. 

In this paper we will use a slightly different definition of the a and f3 coefficients adapted 
to the n-uniformly rectifiable measure u = fH^, where r := {x G M. d : x = (x,A(x))} is 
the n-dimensional graph of a given Lipschitz function A : W 1 — > M. d ~ n and / G L°°(^p) 
satisfies f(x) 1 for almost all x £ T. To this end, we need to introduce a special dyadic 
lattice of sets related to T. Given a cube Q C R n (i.e. Q := [0,b) n + a with a € R n 
and b > 0), we define Q := Q x R rf_ri . This type of set will be called v-cube ("vertical" 
cube). We denote by £(Q) and zq the side length and center of Q, respectively, and given 
A > we set XQ := XQ x R d ~ n . Let V denote the standard dyadic lattice of W 1 , and set 
T> := {Q : Q G T>}. It is easy to check that the v-cubes of T> intersected with T provide a 
dyadic lattice associated to the graph T in the sense of [Da, Appendix 1]. Finally, for m G Z, 
set P m :={OGD: £(Q) = 2~ m }. 

Fix a constant Cr > Wy/n(l + Lip(A)) (the precise value of Cr will not be relevant in the 
proofs given in the paper). Given 1 < p < oo and a v-cube Q C M. d , we define the coefficient 
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Pp,fi(Q) as i n (2-1) and (2.2) but replacing 2Q by CrQ- We also define a^(Q) as in (2.4) but 
taking B Q := B(z Q ,C r £(Q)) x R d ~ n C W 1 . This new definition of the a and (3 coefficients 
(adapted to the graph T) is the one that we will use in the whole paper. 

Remark 2.2. It is an exercise to check that, with this new definition of the a's and /3's, 
inequalities (2.5) and (2.6) of Theorem 2.1 still hold. Moreover, the following is an easy 
consequence of (2.5) and (2.6): Let F be an n- dimensional Lipschitz graph, f G L°°(%p) 
such that f(x) « 1 for almost all x G T, and fi = fH^- Let 1 < p < 2. Given C\, C2, C3 > 1, 
there exists a constant C4 > such that, for any R G V, 

£ (/WC2Q) 2 + a M (C 3 Q) 2 ) fi(Q) < CMR), 

QeV:QcdR 

and the dependence of C4 with respect to F is only on Lip(yl). 

Remark 2.3. It is shown in [To, Lemma 3.2], that (3i t u(Q) ^ a ^(Q) f° r & 11 £ P. Given 
Q £ T>, let Lq be a minimizing n-plane for a„(Q). In general, f3oo,fi(Q) can n °t De controlled 
by /3i, M (Q), so given x G supp^ n CrQ, we can not control dist(x, Lq) by means of a^{Q). 
But it is shown in [To, Lemma 5.2] that dist(x, Lq) < ^^j). xe n C Q a )l (R)£(R), and in 
particular, if P G P is such that P C Q and x G supp/xfl CrP, and Lp denotes a minimizing 
n-plane for a fl (P), one has (see [To, Remark 5.3]) 

(2.7) dist(x,L ) < dist(x, L P ) + £ a fl (R)£(R). 

ReV-.PcRcQ 

2.3. Martingales. First of all, let us recall a particular case of Lepingle's inequality (see 
[JSW], or [Le] and [JKRW, Theorem 6.4] for martingales in a probability space): 

Theorem 2.4. Let (X, £,A) fre a a-finite measure space and p > 2. TTten, i/iere exisi 
constants C\,C2 > smc/j i/ia^ for every martingale Q : = {G m } me z G ^ 2 (^); 

||V p (g)|| L2(A) < Ciliail^CA) ^d \\0{G)\\ L 2 {X) < c 2 \\g\\ L 2 (x) , 

where \\G\\l 2 (\) '■= su Pmez l|G f mllL 2 (A) • The constants C\ and C2 do not depend on the mea- 
sure X, and C2 neither depends on the fixed sequence that defines O. 

To prove Theorem 1.1, we need to introduce a particular martingale, and to review some 
known results. 

Lemma 2.5. Fix a cube P C W 1 (not necessarily dyadic) and a Lipschitz graph F := {x G 
M. d : x = (x, A(x))} such that supp^4 C P. Consider the measure p := fH^, where f(x) = 1 
for all x G P c and Cq 1 < f(x) < Co for all x G P, for some fixed constant Cq > 0. Also set 
P:=Px M. d - n . Then, the following hold: 

(2.8) T*/j, G Lj oc (fi), T^(xep) G Lj oc (fi) for every compact set E C R d , and 
(2-9) \\TH\\ L 2 M < KP) 1/2 - 

Remark 2.6. To avoid the problem of non-integrability near infinity, for this type of measures 
\x we redefine T e p(x) := limjv/j^oo / X(e,M)(\ x ~ u\)^( x ~ y) d(J>(y), which exists because p is 
flat outside a compact set and K is odd. All the results in this paper remain valid with this 
new definition and the adjustments that have to be done in the proofs are minimal. 

In this paper, we will deal with other integrals which concern the kernel K and the measure 
ji near infinity. The non-integrability problem can be avoided in the same manner. 
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Proof of Lemma 2.5. It is known that the operator T* is bounded in L 2 (fi), because T* is the 
maximal operator associated to a Calderon-Zygmund singular integral and /i is a uniformly 
rectifiable measure (see [DS1]). Thus, X^xe/x) = T*(xe) £ ^LcO") fo r every compact set 
E C M. d . 

We are going to check that ||T*/x||£2( M ) < ii(P) 1 / 2 . This will imply that T*/i G L\ oc (n) 
and, since T/x exists (because /j is uniformly rectifiable) and |T/i| < T*/j, we will also obtain 
II^HIl 2 ^) ^(-P) 1 ^ 2 ; so the lemma will be proved. 

Using that T* is bounded in L 2 (fi), we have 

II^MIIl 2 ^) ^ ll T *(X3P/f)||L 2 (>) + ||T*(X( 3 p)c^)|| I( 2( At ) 

<m(^) 1/2 + II^(x ( 3P)cm)||l 2 ( m) - 
Set L := R n x {0} d ~™ C M d ; obviously xp C/ u = W^p. Since L is an n-plane and K is odd, 
T*%l{x) = for all x G L. Thus, 

(2.11) H r *%2\3pllL 2 («£) < II t *^lIIl 2 («2) + H T *^Ln3pllL 2 («2) ~ ^( p ) 1/2 - 

Set zp := (ip,0, ...,0) G L (recall that Sp denotes the center of P) and XeOc) := 
X(e,oo)(M)- It is obvious that J Xe(zp ~ y)K(zp — y) dH^ 3P (y) = for all e > 0. Thus, 
given x G suppii D P, 

\(Kxe*H n L \ 3P )(x)\< I Xe (x-y)\K(x-y)-K(z P -y)\dHl K3P (y) 

+ j \xe(x-y)-Xe(zp-y)\\K(z P -y)\dH n LX3P (y). 

Since F is a Lipschitz graph, \x — zp\ < x!(P). So, the first term on right hand side of the 
previous inequality is easily bounded by an absolute constant independent of e, by standard 
arguments. For the second term, notice that supp(x e (x — •) — Xe(zp — •)) H (L \ 3P) = for 
all e < t{P), and U n L {\y G W 1 : Xe(x - y) - Xe{zp - y) + 0}) < £(P)e n ~ 1 for all e > i(P). 
Therefore, since \zp — y\ ~ 

e for all y G supp(x e (x — •) — Xt( z P — ")) n (L \ 3-P)> the second 
term can also be estimated by an absolute constant. Thus, we conclude T^%^ 3p {x) = 

sup e>0 \(Kxe * ^1\3p)( x )\ ^ 1 f or all x G suppii n P. 
Using the previous observations and (2.11), we have 

\\ T *(X(3P)^)\\h(p) = H T *^L\3pllL 2 ( X Pii) + II T *^A3pIIl 2 (xpc^) 
< ||^*^L\3p|ll2( Xp ^) + \\T*Ul\3pWl 2 (HI) ~ 

which, combined with (2.10), gives HT*//!!^^ < it(P) 1 / 2 , as desired. □ 

We are ready to define the martingale. Let P and /x be as in Lemma 2.5. Given m G Z 
and o £ R™, we set 

5» : = a + [0, 2~ m ) n C R n and := Z)£ x R d - n C K d . 

Set := {D^ 2 ~ mk C R d : k £ Z n } (notice that coincides with V m translated by 
a parameter a G W 1 and, for a fixed a, Umez^m ^ s a translation of the standard dyadic 
lattice). Notice that « 2 _mn for all m G Z, a G K n . For D G and x G D, we set 

E D ii(x) := —— ! j K(z-y)dn(y)dn(z) 

(take into account Remark 2.6 for the meaning of f Dc K(z — y) dfi(y)). Finally, for x G M. d , 
we define the martingale E^^x) := Yl,D&v a Xd(x)Ed/j,(x), m G Z. 
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Let us make some comments to understand better the nature of E^fj,. First of all notice 
that, since n{dD) = 0, for any D G and /x-almost all z G D we have 

(2.12) [ K(z-y)d t x(y) = \im [ X e(z - y)K(z - y) dfi(y), 
and for any e > 0, we have 

(2.13) / / X e(z-y)K(z-y)d f i(y)dfi(z)=0 

JD JD 

because of the antisymmetry of K. Therefore, by (2.12), (2.13), (2.8), and the dominated 
convergence theorem, f D \f Dc K(z — y) d/j,(y) \ dfi(z) < oo (in particular, we have seen that 
E^n is well defined) and J D T{xdiA d/J, = 0. Using this and (2.12), we finally have that 

(2.14) £>(x) = -3— [ T( X D°v)dn = [ T^dn 

K D ) Jd K d ) Jd 

for x G D G V^, thus E^fj,(x) is the average of the function T\x on the v-cube D G T>^ n which 
contains x. So, it is completely clear that, for a fixed a G R ra , {£' J ^ / u} m6 z is a martingale. In 
[MV] it is shown that {£^^} m6 z is well defined and it is a martingale without the assumption 
of the existence of T[i (i.e., for more general measures fi). 

Now, we can use (2.14), the 1? boundedness of the dyadic maximal operator and (2.9) to 
deduce that 

(2-15) \\E^\\ L 2 M <\\Tv\\ L z M <M^) 1/2 

for all a G W 1 and m G Z, where the constants that appear in the previous inequalities only 
depend on Co, n, d and Lip(^4). 

Set E a jx := {E^ l jx} rnl =i. Then, the martingale E a \x belongs to L 2 (/j.) by (2.15); thus by 
Theorem 2.4, for all a G W l , 

\\v p (Ey)\\ L 2 W < WEy^ < mp) 1 / 2 for P > 2, 
\\o(Ey)\\ L 2 W < \\Ey\\ L , M < ^pfi\ 

where the constants in the previous inequalities only depend on Co, n, d, and Lip (A) (and 
on p, in the case of V p ). 

Finally, for x G M. d , we define 

E ml i{x) := 2 mn [ E*n{x) da 

J{a:x£D^} 

(notice that C n ({a : x G D^}) = 2~ mn ). Thus, E m [i is an average (of the m'th term) of 
some martingales depending on a parameter a G W 1 . 

Set Efi := {E m /j,} me z- We want to obtain estimates like (2.16) for V p (Efi) and 0(E/j,). 
We will only show the details for V p (E[i), because the case of 0(E\x) follows by similar 
arguments. 

One can easily check that E m fi(x) = 2 Mn Jj Q 2 _ M ]n E^/j,(x) da for all m,M G Z with 
M < m. Therefore, for all M, r, s G Z with M < r < s, we have 

(2.17) E r n(x) - E s n(x) = 2 Mn [ (£ r >(x) - £>(x)) da. 

J[0,2- M ] n 

Given M G Z, we consider the auxiliary transformation 

/ \VP 

V PtM (Efi)(x) := sup ( 22 \ E r m +iKx) ~ E rm fi(x)\ p J , 

{r m } V mf 7, / 
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where the pointwise supremum is taken over all decreasing sequences of integers {r m } me x 
such that r m > M for all m G Z. With this definition it is obvious that the sequence 
{Vp,m(E^)(x)}m£1, is non increasing and V p {Ep)(x) = liniM->-oo V P ,M(Ep,)(x) for all x G 
M. d . Minkowski's integral inequality and (2.17) yield the pointwise estimate 

VP 



V PtM (Efi)(x) = SUp \ E rm+^{x) ~ Er ml l{x)\") 

{r m }:r m >M \ meZ J 

< 2 Mn [ snp(^2 \E? m+ ^{x) - E r ^{x))A 1/P da 



_ 2-Mn 



f V p (E a p,)(x)da. 

J\0,2- M ] n 



'[0,2- 

Therefore, by the previous estimate, Minkowski's integral inequality and (2.16), 
\\V p , M {Ev)\\i?M < 2Mn / \\V P ( E da ^ c rt p ) 112 ' 

J[0,2- M ] n 

where C > only depends on Co, n, d, Lip(A), and p. By the monotone convergence 
theorem, we conclude that \\V p (Ep)\\ L 2^ < p(P) 1 / 2 . Thus we have proved the following 
theorem (which can be considered the starting point to prove Theorem 1.1): 

Theorem 2.7. Fix a cube P C E n . Set T := {x G R d : x = (x,A(x))}, where A : R n ->• 
E d_n is a Lipschitz function supported in P, and set P := P x R d_n . Set p := u>/iere 
/(x) = 1 for all x G P c and Cq" 1 < /(x) < Co /or a// i 6 P, /or some constant Cq > 0. 

Xei p > 2. Then, there exist constants C\,C2 > smc/i i/ia£ ||Vp(-E^)||^2( M ) < Cip(P) 1 ^ 2 
and 1 1 O(Ep) \ \l 2 U) < C2p(P) 1 ^ 2 , where C\ and C2 only depend on Cq, n, d, and Lip(A) (and 
on p in the case of C±). 

We need to introduce additional notation in order to express E m p in a more convenient 
way for our purposes. Let pi, . . . , pt be a finite collection of positive Borel measures such that 
pi(D^) > for all a G IR n , m G Z and / = 1, . . . , k. Given m G Z and xi, . . . , Xj, y\, . . . , yj G 
we define 

A^( Xl ,...,x t ;yi,...,y 3 ):=2™ f 

J{a:x 1 ,...,x i eDZ l ,y 1 ,...,y j $DZ l } [[i =1 M D m) 

Then, by Fubini's theorem, 

E m n[x) = / ~l~na\ / / K ( Z ~ V) d ^ ^(z) da 

J{a:xeD-} M^rJ Jd* J '(£>«)<= 

(2-18) = // fjT" / - y) dp(y) 



II 



A m( x > ^ ; y)-ftT(z - y) d/^(z) d/x(y). 



3. Sketch of the proof of Theorem 1.1 

The proof relies on two basic facts: the known L? boundedness of the p-variation and 
oscillation of martingales explained in the previous section and the good geometric properties 
of Lipschitz graphs from a measure-theoretic point of view. 
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As we said above, the starting point of the proof is Theorem 2.7, where the L 2 boundedness 
of the p- variation and oscillation (of a convex combination) of some particular martingales 
is stated. So, the first step consists in relating the results on martingales in Theorem 2.7 
with the p- variation and oscillation of singular integrals on Lipschitz graphs, and this is the 
aim of the following two theorems: 

Theorem 3.1. Let T and p be as in Theorem 2.7. For each x £T, define 

(3.1) Wp(x) 2 := \(Kif 2 - m * p)(x) - E m p(x)\ 2 . 

Then, \\Wp\\ 2 L2M < C^Qev ( M^Q) 2 + /3 2 ^(Q) 2 )p(Q), where C U C 2 > depend only 
on Co, n, d, K, and Lip(A). 

Theorem 3.2. Let V and p be as in Theorem 2.7. For each x eT, define 

(3.2) Sp(x) 2 := sup ^ E \(K^ +1 *p)(x)\ 2 , 

{e m } j& m gZ:e m ,e m+ ie/j 

where Ij = [2~ j - 1 ,2- j ) and the supremum is taken over all decreasing sequences of positive 
numbers {e m } meZ - Then, \\Sp\\ 2 L 2^ < C J2q<=v ( a n(Q) 2 + foAQ) 2 )f JL (Q)> where C > 
only depends on C$, n, d, K, and Lip(^4). 

Two fundamental tools to study W p and Sp are the a and (3 coefficients, which will be 
used to measure the flatness of T at different scales, in order to estimate the terms which 
appear in the sums in (3.1) and (3.2). This will be done in sections 4 and 5. To use the a 
coefficients to relate the p-variation of martingales with the p- variation of singular integrals, 
it is a key fact that we are considering a "smooth" family like (p, because the a's are defined 
in terms of Lipschitz functions but T e is defined by means of a rough truncation. Moreover, 
we are taking a truncation only on the first n-coordinates because the average of martingales 
that we are using is taken over the parameter a 6 W 1 , using the v-cubes (see subsection 
2.3). 

Combining Theorem 3.1 and Theorem 3.2 with the L 2 estimates of the p- variation and 
oscillation on the average of martingales Ep in Theorem 2.7, we are able to obtain local 
L estimates of V p o Tip r and O o Tip r when T is any Lipschitz graph. More precisely, we 
separate the sum in the definition of V p o Tp r into two parts, which are classically called 

short and long variation (and analogously for O o Tp r ) . The short variation corresponds to 
the sum Sp in Theorem 3.2 (here p is a suitable modification of %p), where the indices run 
over m 6 Z such that both e m and e m +i lie in the same dyadic interval, and can be handled 
using the a's and /3's. The long variation corresponds to the sum over the indices m £ Z 
such that e m and e m+ \ lie in different dyadic intervals, so one may assume that the e m 's are 
dyadic numbers. It is handled by comparing Kip 2 - m * p with E m p, and then using Theorem 
3.1 and the fact the /9-variation and oscillation of Ep are bounded in L 2 (p), by Theorem 2.7. 
This will be done in section 6 (see Theorem 6.1). 

Using the local L 2 estimates of Theorem 6.1, combined with rather standard techniques 
in Calderon-Zygmund theory, in section 7 we obtain the H 1 (W^) ->■ L 1 {Wf) and L°°{T-[ r {) -)• 

BMO^Hy) boundedness of V p o Tp r and O o Tp r . Then, by interpolation, we obtain the 
L p boundedness of these operators in the whole range 1 < p < oo, and in particular the L 2 
boundedness (see Theorem 7.1). Moreover, [CJRW2, Theorem B] can be adapted to prove 

that the L (H^) boundedness of V p o Tp r and O o Tp r also yields the boundedness of these 
operators from L l {W£) to L 1 ' 00 ^). 
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Let us stress that almost all the estimates in the proof of Theorem 1.1 (in particular, the 
constants involved in the relationships <, > and ps) depend either on n, d, K or Lip(A), and 
possibly on other variables such as p or p. 



4. Proof of Theorem 3.1 

In order to study the difference (K(p 2 - m */i)(x)—E m [i(x), we are going to split E m /i(x) into 
two parts, the one we will compare with (Kip 2 -m * n)(x) (which corresponds to integrate, in 
the definition of E m /j,(x), over the points y G M. d such that 2~ m < \x — y\), and the remaining 
part. Then, we will estimate each part of (K(p 2 - m * n)( x ) ~ E m fi(x) separately, using the 
cancelation properties of the kernel K and the uniform rectifiability of ji. 

Recall from (2.18) that E m /j,(x) = ff Am(x,z; y)K(z — y) d/i(z) dfi(y) . Given e > 0, we 
set 7 e := 1 — (p e . Then, 



E m fi(x) = JJ (p 2 - m (x - y)A!J n (x, z ; y)K(z - y) d{i{z) dfi(y) 

+ J J l2-^(.x-y)A^(x,z;y)K(z-y)dn(z)dfi(y). 

The first term in the previous sum is the one that we will compare with (K<p 2 -m*fj,)(x). For 
all a G M. n such that x G D^, we have supp ip 2 - m (x — ■) (ID ^ = 0, and thus (Ktp 2 -m */J.)(x) = 
(Kip 2 ~m * (x(d i o)c^))(x). Hence, using Fubini's theorem and the definition of Am(x, z ; y), 

(Kip 2 - m * n)(x) = 2 mn / (Kip 2 - m * (x (r) a)cAi))(x) da 

J{a:xeD^} 

= 2 mn / KD^y 1 [ (Kvi-m * (X(D«)c»))(x) dn{z) da 

J{a:xeD^} JD£ 



-11 



<p 2 -m(x - y)A^(x, z ; y)K(x - y) dfi(z) d^{y). 

We can decompose (Kip 2 -m * /u)(x) — E m fi(x) as 
(Kip 2 - m * n){x) - E m fi(x) 

v ^- v)K{ ^,y ){ K (x - v) -K { ,- y))i ^ )Mv) 



if 



(4.1) 



7 2 - m (x - y)A£ l (x, z ; y)K(z - y) dfi(z) d(i(y) 

E w-EW' 

j<m j£Z 



where 



(4.2) Fp(x):= J J <pf J j . 1 (x-y)A^(x,z;y)(K(x-y)-K(z-y))d^z)d t x(y), 

(4.3) Gf(x):=JJ Lpl- ] - 1 (z-y)^ 2 - m {x-y)A> 1 m {x,z- ) y)K(z-y)dii{z)dii{y). 

Fix a v-cube D G V m , for some m G Z. In subsection 4.1 (see (4.18)) we will prove that 

(4.4) E | W |<q^ + E m {Q) 
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for all x G D n T, where Ld denotes an n-plane that minimizes a(D), and in subsection 4.2 
(see (4.37)) we will prove that there exists a constant C& > 1 such that 

(4.5) J>-(*)|<a(C 6J D)+ £ 4§££a(Q) 

iez Qev-.Qcc b D K ' 

for all x G -D n I\ Assuming that these estimates hold, by (4.1), 

11^*0.) = E E / \(Kv 2 -m*»)(x)-E mt i(x)\ 2 d»(x) 



(4.6) DcQ 

+ E «(C b D)MD) + E ( E iiSi °W)Ym(0) 



D&V DeT> x QeV 

QCC b D 

=: W x n + W 2 n + W 3 /i + Wax. 

If L l D and denote a minimizing n-plane for (3i(D) and f3 2 {D), respectively, one can show 
thatdist w (L D nC r D,^nC r D) < a(D)£(D) and dist n (L l D nC r D, L 2 D nC r D) < (3 2 {D)£(D). 
This easily implies that, for x G D n I\ dist(x, L D ) < dist(x, L|>) + (3 2 (D)£(D) + a(D)£(D), 
so Wi/x < £ DeP (a(£>) 2 + /9 2 (^) 2 )/xp). 

By Cauchy-Schwarz inequality, 



^E,(»>( E E W 

E E ^^^) 2 -E^)VQ), 



DeV QgV: d<zQ Qgd 
and also 

^<-E^{ E E fP) 

- E E a(g)2 ~ S «W) 2 MQ)- 

DeD QeV:QcC b D ^ > QeV 

Therefore, using (4.6) and that a(Q) < a(Ci,Q), we conclude that 

ll^lli 2(M) < E(« 2 + ftW) 2 MQ). 

Qex> 

and the theorem follows. It only remains to prove (4.4) and (4.5). 

4.1. Estimate of Ylj< m ^ P j n ( x ) when x G D n T for some D G P m . Assume that x G 
n T for some D G X> m and j < m. Let be an n-plane that minimizes a(D) and let 
o"D := c dT~1-l d be a minimizing measure of a(D). Let Lfj be the n-plane parallel to Lu that 
contains x and set af, := cdT-L^x . 
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Notice that, because of x G L X D , the antisymmetry of ip^_-_ 1 K, and since j < m (so, if 

2-' 



x G D m and y G suppip^_j_ l (x — •), then y ^ D m ), we have 



= J <fl-U (x - y)K(x - y) da x D (y) 
(4.7) = / x( . / / ^: 3 J - 1 {x-y)K{x-y)da x D {y)da x D {z)da 

J{a:xeD*} <J D {U m ) J D a J (£) a)c 

= ^fj-i(x - y)A m D (x,z; y)K(x - y) da x D (z) da x D {y). 

Given a G M n , let b := a + {2~ m - 1 } n G M n be the center of D m . For u G R n we denote 
||«||oo : = maxi=i,...,n \u l \- Then, given t G M. d , it is clear that t G if and only if || t — &||oo < 
2~ m . Using that a x D is a Hausdorff measure on an n-plane, that K is antisymmetric and 
that f^-i- 1 * s symmetric, one can show that 

= / / / ^:-- 1 (x-y)K(z-y)da x D (y)da x D (z)db. 

•^p-&l|oo<2- m J||?-6|| 00 <2- m J\\y-b\\ oc >2- m 

By the change of variable b = a + {2 _m_1 } n , it is easy to see that this triple integral is equal 

t0 f{a:x£D£} Jd« /(D»)<= V^-i-iix ~ y)K{z - y) do x D {y) d(J x D (z) da. Thus > since a E>( D m) doeS 

not depend on a G R n because cr^ is flat, 

= / „x (r >a\ / / ^2-7-i (x - y)K{z - y) da x D (y) da x D (z) da 

( 4 g) J{a :xeD*} a D\ m) J D« J (D^) c 

= JJ vl- 3 1 -i{x-y)K£{x,z- 1 y)K{z-y)da x D {z)do x D {y). 
By (4.7) and (4.8), we conclude that 

(4.9) = JJ ^y j - 1 (x-y)A a J>(x,z ] y)(K(x-y)-K(z-y))da x D (z)da x D (y). 

By definition, it is clear that Am (x,z; y) = A m D (x,z; y). Therefore, using (4.9), we can 
decompose 

(4.10) F/ 1 (x) = FlJ(x) + F2f{x) + F3f(x) + F4f(x), 
where 

(4.11) Flf(x):= JJ^ 1 (x-y)A m (x,z;y) 

(K(x - y) - K(z - y)) d{p, - u D ){z) d^{y), 

(4.12) F2f(x):= JJ^ 1 (x-y)A m (x,z;y) 

(K(x - y) - K(z - y)) da D (z) d(n - a D )(y), 

(4.13) F3™(x):= JJ^ 1 (x-y)(A m (x,z;y)-A m ^(x,z;y)) 

(K(x - y) - K(z - y)) da D (z) da D (y), 

(4.14) F4™(x) := J J <p^U (x - y)A m h (x, z ; y) 

(K(x -y)- K(z - y)) d(a D x a D - a x D x a x D )(z, y). 
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In the next subsections we will prove the following estimates: 

(4.15) \F1™ (x)\ + \F3f(x)\ < 2i- m a(D), 

(4.16) \F2?(x)\<V- m Yl a ^ 

QeV:DcQ,£(Q)<2-3 

(4.17) |F4f(x)|<2^ di5t ^ D) . 

Then, using (4.10), we will finally get that, for all D £ V m and x £ D DF, 

j<m ^ ' j<m QeV:DcQ,i(Q)<2-3 

v ; Qev-.DcQ WJ 

which gives (4.4). 

4.1.1. Estimate of Flf(x). Notice that, if \x-z\ > 2~ m ^/h~, there is no a £ W n such that 
x, z £ Dm> an d this means that A}J,(i, z ; y) = 0. Thus, we can assume that |x — z| < 2~ m ^/n. 
Therefore, if the constant Cr (see the definition of the a's in subsection 2.2) is big enough, 
suppA^(x, • ; y) C B D . 

For i/,z£r such that y G supp^-j-i (^ — •)> j < m and \x — z\ < 2~ m y / n (so, in particular, 
l x ~~ z l ^5 k ~~ y|)> we have the following estimates: 

\K(x -y)- K(z - y)\ < \x - z\\x - y\- n ~ l < 2^ n+1 ^ m , 

\V z (K(x - y) - K(z - y))\ = \V z K(z - y)\ < 2^ n+l \ 

Claim 4.1. We have \A^(x,z; y)\ < 2 mn and |V 2 A^(x, z ; y)\ < 2 m ( n+1 ) forallx,y,z£ R d . 

Claim 4.1 and the subsequent ones 4.2,. . . ,4.7 will be proved in subsection 4.3 below. 
Putting all these estimates together we obtain that 

V 2 (A&Or, z ; y)(K(x - y) - K(z - y))) \ < 2 ^+ mn , 

and, since suppAm(x, • ; y) C Bp, recalling the definition of dists D in (2.3), 



<2 j{n+1)+mn dist BD (fi,a D ). 



J A&(a;, z ; y){K(x - y) - K{z - y)) d(n - a D )(z) 

We can use this last estimate in (4.11) to obtain 

\Flf(x)\ <2^« +1 ) +m "dist BD (/i,a D ) J ylU{x-y)dlx{y) 

< 2J+ mn dist BD (fi,a D ) « 2^ m £( J D)-«- 1 dist BD (/i,a D ) < 2?- m a(D), 
which, together with the estimate of \F3 1 J l (x)\ in subsection 4.1.3, gives (4.15). 

4.1.2. Estimate of F2™{x). Arguing as in subsection 4.1.1, we can obtain the following 
estimates for x, y, z as above: 

(4.19) \^ZU{x-y)\<\ and |V^ 2 2 _7_i (x - y)\ < V, 

(4.20) \K(x -y)- K(z - y)\ < \x - z\\x - y^ 1 < 2^ +1 )- m , 

(4.21) \V y (K(x -y)- K(z - y))\ < \x - z\\x - y\~ n ~ 2 < 2^~ m . 
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Claim 4.2. For j < m, y 6 supp^-j-i ( x ~ 
\M>(x, z ; y)\ < 2 mn and V y k^{x, z;y) = 0. 



), and \x — z\ < 2 m y / n, the following hold: 



Notice that the first estimate in Claim 4.2 is the same as the first one in Claim 4.1. 

Let Dj G Vj be the unique dyadic v-cube with £(Dj) = 2~i which contains D. Then, 
suppi^-j-i {% — •) C -Bdj for Cr big enough. Therefore, we can use the previous estimates 
to see that the gradient of the term inside the integral with respect to y in (4.12) is bounded 
by 2 J ( n+2 ) +m ( n-1 ) and is supported in Bp , and then by (2.3) we derive that 



\F2f{x)\ < 



(p 2 - j - 1 (x-y)A^(x,z; y) 



(4.22) 



</ 

J\x-z\<2- m ^/n 
< 2J (n + 2)-m dist ^ ao) 



(K(x-y)-K(z-y))d( f i-a D )(y) 

2 ^+2)+m(n-l) distBD ^ Gd) d(JD ( z) 



da D (z) 



We shall estimate dist^ (p, <?d) in terms of the a coeficients. Consider the unique se- 
quence of dyadic v-cubes D =: D m C . . . C -Dj+i C Di C . . . C Dj such that each Di belongs 
to T>i, for i = j, . . . ,m. Let be an n-plane that gives the minimum in the definition of 
a(Di) and let ao l '■= be a minimizing measure. We will prove that 



m— 1 



(4.23) 



dist Bl3 .( / u^D)<2-^ +1 )^a(A). 



1=3 



Combining (4.23) with (4.22), we will finally obtain that \F2™(x)\ < 2^ m ^™7 a(A), 
which gives (4.16). 

Let us prove (4.23). By the triangle inequality, 



dist Bo . {n, a D ) < dist Bo . (/x, a Dj ) + YT=j dist B D . (o- Di , ^D i+1 ) 
< 2-^)a{D 3 ) + &stB Dj (o- Di ,o-D i+1 ), 

so we are reduced to prove that, for alH = j, . . . , m — 1, 
(4.24) dist Bo . (a Di ,a Di+1 ) < 2-^ n+l ^a(D l ). 

By definition, dist^. {a Di ,a Di+1 ) = sup | / gd(c D% U n hD -CD i+1 'H1 D )\, where the supre- 

mum is taken over all Lipschitz functions g supported in such that Lip(g) < 1. Fix one 
of such Lipschitz functions g. Then, 



(4.25) 



J gd{c Di ni Di - c Di+1 H n LDi+i ) = (c Di - c Di+1 ) J gd%l Di 

+ c Di+1 J ' gd{Kl Di -Hl Di+i ). 



It is shown in [To, Lemma 3.4] that |cd ; — C£> i+1 | < a(-Dj), so the first term on the right hand 
side of (4.25) is bounded in absolute value by C2~^ n+1 ' ) a(Di). 

In order to estimate the second term of the right hand side of (4.25), set Lr> i+1 = 
{(t,a(t)) £ R d : t e W 1 } (where a : R n ->■ lR^ n is an appropriate affine map), and let 
p : Ld i — > Lrj i+1 be the projection defined by p(t) := (t,a(t)). Since T is a Lipschitz graph, 
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a is well defined and p is a homeomorphism. Let p<{H r L D be the image measure of / H r l D by 
p. It is easy to check that 'H Ld = t v{^l d j where r is some positive constant such that 
|r — 1| < a(Di) and r < 1. Therefore, 



j 9 d(Hi D -Ht Di+i ; 



(g(t)-T 9 (p(t)))d-H n LD .(t) 



(4.26) 



< 



< 



■\-T)g{t)dH n LD Xt) 



+ 



r(g(t)-g( P (t)))dni D .(t) 



Since g and 5 op are supported in i?n. and 5 is 1-Lipschitz, by [To, Lemma 3.4], 



j\(g-gop)\ dU n LDi < dist w (L A n £ D . , L Di+1 n B D . ) 



< 2-^dist^ (L Di n £ D . , L Di+1 n B D . ) 

< 2-> n 2^dist n (L Di nB Di ,L Di+i nB Di )< 2^("+ 1 )q(A). 

This last estimate together with (4.26) and the fact that |c£> i+1 | < 1 implies that the second 
term on the right hand side of (4.25) is also bounded in absolute value by C2~^ n+1 ^a(Di). 
Therefore, to obtain (4.24) we only have to take the supremum in (4.25) over all admissible 
functions g. 

4.1.3. Estimate of F3>™(x). Notice that, by Fubini's theorem, 

1 1 



A% l (x,z;y)-A%>(x,z;y) = 2 mn f 

J {a : 



{a:x,zeD£,y(£D£} \K D m) a D(D^ 



da 



= 2™ [ ( [ d(a D - / x)(t)V( J D«)-V D (^)- 1 da 

J{a:x,zeD£,y?D£} \Jt<=D£ J 

= J A»f°(x,z,t; y)d(a D - fi)(t). 

Since A^ 075 (x, z, t ; y) = if \x — t\ > 2~ Tra y / n, we may assume that suppA™' 70 (x, z, ■ ; y) C 
Bd (by taking C-p big enough). 

Claim 4.3. We have \A%f D (x,z,t; y)\ < 2 2mn and \V t A^ r7D (x, z, t ; y)\ < 2 m ( 2n+1 ) for all 
x,y,z,t £ R d . 

Using Claim 4.3, we deduce that \A^(x,z; y) - A%>(x,z; y)\ < 2 m ( 2n+1 ) dist Bj3 (/x, <r D ), 
and then, 

\F3f(x)\ < [ ^ZU{x -y) f 2 m ^ dist BD (p,a D ) 

J J\x-z\<2- m ^7i 

\x — z\\x — yT™ -1 daoiz) daoiy) 
< 2 2 «>+!) disW/,,^) ff rx _^ 2 - n ^da D (z)da D {y) 

\x-z\<2- m s /n 

<2 mn+ i&\ S t BD {^o- D )<2i- m a(D), 
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which, together with the estimate of |Fl™"(x)| (see subsection 4.1.1), gives (4.15). 

4.1.4. Estimate of F4f(x). Set L D = {(y,a(y)) G R d : y G W 1 }, where a : W l -> R d ~ n is 
an appropriate affine map, and let p : Lf-, — > Ld be the projection defined by p{y) := (y, a(y)). 
Since T is a Lipschitz graph, a is well defined and p is a homeomorphism. If p$o x D is the 
image measure of a x D under p, we obviously have ar> = P^d because Lp and L X D differ by a 

translation. Therefore, since p{y) = y, (4.14) becomes 

F4f(x) = U (K(x - p{y)) - K(p(z) - p{y)) - (K(x - y) - K(z - y))) 

<f%-j-i(x - y)Am D (x, z ; y) da x D {z) da x D {y). 

For y, z G L X D such that tp^-j-i {x — y)f£n (x, z ; y) / 0, we have K{p{z)—p{y))—K{z — y) = 0, 
so we can estimate 

\K (x - p{y)) - K(p{z) - p(y)) - (K(x - y) - K(z - y))\ = \K(x - p(y)) - K(x - y)\ 

< S 2^%-p(y)\ « 2^+ 1 ) d ist(x,L D ). 

By the same arguments as in the proof of Claim 4.1, one can easily see that \Am(x,z; y)\ < 
2 mn . Therefore, 

\F4?{x)\ <2^dist(x,L D )2™ [L_ m2 - j3 ^da x D (z)da» D (y) 



\x-z\<2- m ^/n 

< 2 j A\st(x,L D ) « 2 j ~ m dist(x,L D )/e{D), 



which gives (4.17). 



4.2. Estimate of ^2j £ iGJ L (x) when i £ DflT for some D G P m . Assume that x G -D 
for some D G P m . Recall from (4.3) that 

Gf(x) = jj ip^ 1 (z-y)-f 2 - m (x-y)A^(x,z;y)K(z-y)dfi(z)d^(y), 

where < 7 2 -™(x — y) < 1, |Vy72-™ (x — y)| < 2 m for all x,y G and 7 2 -m(x — y) = 
whenever \x — y\ > 2~ Tra 3y / n. Notice that Am(i, z ; y) = if \x — z\ > 2~ m ^/n, thus we can 
assume that \x — z\ < 2~ m ^fn and \z — y\ < 2~ m+2 v / n in the integral that defines G™{x). 

Hence, if j < m — 2, 9? 2 _j_i ( z ~ y)^m(x, z ; y) = for all z, y G because ¥>|_/_i (z — y) = 
if < 2^'- 1 2.1v^, and 2^'- 1 2.1^/ra" > 2- m+2 ^ when j < m-2. Therefore, G™(x) = 

for j < m — 2, and then 

(4.27) E G "^)= E gsto*); 

j'SZ j>m—l 

so, from now on, we assume that j > m — 1. 

Let L/) be an n-plane that minimizes a(-D) and let an := cd%2 d be a minimizing measure 
of a(D). As we did in the beginning of subsection 4.1, given a G M n , let b := a + {2" m ~ 1 } n G 
M n be the center of 5" . Recall that, for t G M. d , t G if and only if ||t- 6||oo < 2~ m . Using 
that ctd is a Hausdorff measure on an n-plane, that K is antisymmetric and that and 
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7 2 -m are symmetric, one can show that 

o = / / / ^lU(z-y) 

^||J-b||oo<2- m J||?-6|| 00 <2- m J\\y-b\\ ao >2- m 

72-m (x-y)K(z- y) da D (y) da D (z) db. 

By the change of variable b = a + {2 _m_1 } n , it is easy to see that this triple integral is equal 
to f{a-.xeD£} Jd% J(D£)c ^Z-j-iiz ~ v)l2-™(x - y)K(z - y)da D {y)da D {z)da. Thus, since 
ao(D^) does not depend on a G R n because up is flat, 

J{a:x£D*} °D(V m ) J D a J (D a)c 

(4.28) 7 2 - m (x - y)K(z - y) da D {y) do D (z) da 
= J J <P2-l-i( z ~ Vh2-™(x ~ y)A^ D (x, z ; y)K{z - y) da D (z) da D {y). 

Let {T}Q}Q£T>j be a partition of the unity with respect to the v-cubes Q G Vj, i.e. t]q : M. d — > 
R are C°° functions such that: xo.9Q < VQ < Xi.iq, \Vrj Q \ < £(Q)~ l = 2 J , Y.Qev^Q = 1 
and r)Q(y) = ??Q(y,0) for all y G M d . It is easy to check that, if j > m — 1, Q G Vj, and 
suppryg n supp7 2 -m(x — •) 0, then Q C C e -D for some absolute constant C e > 1. 

Given Q £ let Lq and erg := cqH\ q be a minimizing n-plane and measure for a(Q), 
respectively, and consider the measure 

A := Yj vqvq- 

QeVj-.QcCeD 

By (4.28) and the properties of the partition of the unity {f]Q}Q£Vj, for j > m — 1 we can 
decompose GJ L (x) as 

(4.29) G™(x) = Gl] l (x) + G2™(x) + G3?(x) + G4] l {x) + G5f(x), 
where 

(4.30) Glf(x) := £ [[ ■■■ d(»-a Q )(z)d»(y), 

QEVj-.QcCeD 

(4.31) G2f{x) := £ / '! . . . da Q (z) d( M - a Q )(y), 

QeV 3 :QcCeD J J 

(4.32) G3f(x) := [ [ ■ ■ ■ d(a Q x a Q - a D x a D )(z,y), 



where ". . ." stands for ^_]_ x (z - y)j 2 -™(x - y)r]Q{y)K{z - y)A% l (x, z ; y), and 
(4.33) G4™(x) := // ¥> 2 2 -7-i(* " y)7 2 -™(z - - v) 



(Ad(i,^ y) - A m (ar,z; y))da D (z)da D (y), 

(1.31) GT,- (•'•): - // ^ 2 2 -7-i^-y)72-(x-y)K(z-y) 

(A^(x,z; y)-A%>{x,z; y)) da D (z) da D {y) . 
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In the next subsections we will prove the following estimates: 

(4.35) \GVp(x)\ + \G2f(x)\ + \G4^{x)\< E 2^ ^ n+1 ^ a{Q) , 

QeVj : QcC e D 

(4.36) \G3f(x)\ + \G5f (x)\ < E 2^ m -^ n+1 ^ (a(C b D) + E ' 

QeVj-.QcCeD ^ ReV:QcRCC b D ' 

where C b is some absolute constant bigger than C e . Then, using (4.27) and (4.29), we will 
finally obtain that, for all D G V m and x G DflT, 



Ei^)!^ E E 2^)("+ i )('a(a J D)+ e 

j&L j>m-l QeV 3 :QcC e D ^ ReV:QcRCC b D 

(4.37) < E m^( a{CbD)+ E ^)) 

QeT>:QcC e D V 7 V ReV:QcRCC b D 



<a(C b D)+ E liSi^)' 

ReV:RcC b D V 7 



which gives (4.5). 



4.2.1. Estimate of Glf(x). If v?|- 3 3 -i(z - y) ^ then 2^'- 1 2.1^ <\z-y\< 2^3^/n, so 
if we also have that y G suppr/g, then z G because Q <EVj. Therefore, we can assume 
that supp^^O - y)vQ(y) C if C r is big enough. 

Claim 4.4. For z G supp^^x (• - y), £/je following hold: \Am(x,z; y)\ < 2 m(n+1 )~- ? , 
|V 2 A^(x,z; y)| < 2 m (™ +1 ), and |V tf A£,(z, z ; y)\ < 2 m (" +1 ). 

We have that \K(z - y)\ < 2^ n and \V z K(z - y)\ < 2^ n+1 ) for all z G supp^fT^! (• - y). 
Using (4.19) and the first two estimates in Claim 4.4, we get 

\V z (^:U(z-y)K(z-y)A^(x,z; y ))\<2 m ^ +1 ^ n . 
Therefore, for y G suppr/Q, 

j ^:U(z-y)K(z-y)A^(x,z;y)d^-a Q )(z) <2 m ^ 1 ^ n d\st BQ {^a Q ) 

< 2-(«+ 1 )-^a(Q), 

and then, 

\Glf(x)\< E / 2 m (« +1 )"^(g)^(y)< E 2 (m - 3)(n+l) a(Q). 

QeVj : QcC e D Jsu PPVQ QeVj . Q G C e D 

4.2.2. Estimate of G2™(x). It can be estimated using the arguments of subsection 4.2.1, 

but now we also have to take into account that \V y j2~ m ( x ~ v)\ ^ 2 m < 2 J , because we are 
assuming j > m — 1, and we have to use the last estimate in Claim 4.4. 
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4.2.3. Estimate of G3f(x). Given x e D (IT and Q G Vj, denote 

H Q (y,z) := <p$- J j-i(z - y)^ 2 -m{x - y)r] Q (y)K(z - y)A£(x, z ; y). 
Then, (4.32) becomes 

G3™(x) = E H Q (y,z)d{a Q xaQ-a D xa D )(z,y) 
QeVf.QcC e D J J 

E // ^o(y, d(4 H2 Q x H£ Q - 4 ^ x J(*, y) 
(438) - E [[ H Q (y,z)(c 2 Q -c 2 D )dHl Q (z)dHl Q (y) 

QeVj-.QcCeD 

+ E c ^ // Hq(u, z) d(H n LQ x - H2 D x y) 

=: G3A™(x) + G3B™(x). 

We are going to estimate the terms GSA^ix) and G3BJ l (x) separately. Recall that 
1(D) = 2- m . Given a v-cube Q G P, such that Q C C e L>, let Q =: Qj C . . . C <5i+i C 
Qi C . . . C Qm-i be the sequence of v-cubes such that belongs to Pi for i = m — 1, . . . , j. 
Evidently, Q m -i C C^D for some constant C& big enough, because £(Q m -i) = 21(D) and 
Q C Qm-i H C e D. Let Ln i be an n-plane that minimizes a(Qi) and let cr^ := cq % H\ be 
a minimizing measure of a(Qi). Also, let Lc b D and oc^d := c c h D^i r l c D be a minimizing 
n-plane and measure of a(CbD), respectively. 

In order to estimate G3A™(x), notice that, by [To, Lemma 3.4] and the triangle inequality, 
\ c Qi I < 1 for all i = m — 1, . . . ,j, and 

\ C Q ~ c d\ = \ C Q + cd\\cq-c d \< \cq 3 - cd | 

j'-i 

(4.39) i= t^i 

j'-i 

<a(C 6 D) + E o c (Q i )<a(C b D)+ E 

i=m-l ReT>:QcRcC b D 

(in the case that j = m — 1, there are no intermediate scales between j and m — 1, so one 
just obtains |cq — c D | < a(Cft-D)). 

Claim 4.5. For z G supp¥>|T/_i (• - y), we have |A&(x,z; y)\ < 2 m (™+ 1 )--?. 

Notice that this last estimate is the same as the first one in Claim 4.4. Using Claim 
4.5 and that \K[z — y)\ < 2- 7 " for all z G supp^-^-i (' — y)i we easily obtain \Hq(y,z)\ < 
2 m(n+i)+j(n-i) i Therefore, using (4.39), 



|G3Ay(aO| < E \ c Q~ c d\ If \H Q (y,z)\dH n LQ (z)dHl Q (y) 

"■ " :Q. C, P ■' ■' 

E 2( m ^')( n+1 ) (a(C 6 Z>) + E a{R)\ 

:QCC e D ^ ReV:QcRCC b D ' 



QEVj : QcC e D 

(4.40) 

< 
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To estimate GZBf(x) in (4.38), we set 
(4.41) G3Bj l (x) = c 2 D G3B(Q)f(x), 

QeVj-.QcCeD 

where GW(Q)f(x) := ff H Q d{U n LQ x U n hQ - %l D x U n LD ). Given Q G Vj such that 
Q C C e D, we split G3B(Q)f(x) as follows: 

GW(Q)?(x) = £ // #Q <*(«2 0i+1 x ^ Qi+1 " ^ x Hl q .) 

i=m—l 

(442) + // ^ >< " ^ >< «2c 6 J 

(as before, in the case j = m — 1 the first term on the right hand side of (4.42) does not 
exist). 

Fix i G Z such that m - 1 < i < j. Set Lq i+1 = {(y,a(y)) G R d : y G M n }, where 
a : M n — > M. d ~ n is an appropriate affine map, and let p : LQ i — > Lq 1+1 be the map defined by 
p(y) '■= (y, a (y))- Let p{h\ Q be the image measure of by p. It is easy to check that 

= t p{^Lq ' wnere r is some positive constant such that |r — 1| < a(Qi) and r < 1. 
Therefore, 

// H Q (y,z)d(n Qi+i xHl Qi+i -Ul Qi xHl Qi Kz,y) 

= JJ (r 2 H Q (p(y),p(z)) H Q (y, z)) dH^ (z) dH n LQi (y) 

= jj\ 2 (H Q (p(y), P (z)) - H Q (y,z)) dHl Q iz)dH n LQ iy) 

+ JJ(r 2 - l)H Q (y, z) dU n LQi (z) dU^ (y). 

Since |r 2 - 1| < a(Qj) and we have seen that \H Q (y,z)\ < 2 m («+ 1 )+i("- 1 ) after Claim 4.5, 
the second term on the right side of the last equality is bounded by C2^ m ~^ n+1 ^ a(Qi). 

In order to estimate the first term on the right hand side of (4.43), notice that ^_]_^(z — 
y),7 2 -m(x — y),r?Q(y) and Am(x,z ; y) only depend on the first n coordinates of y and z (i.e., 
on y and z), thus their values coincide on (y,z) and {p(y),p(z)). Then, 

r 2 



(4.43) 



H Q (p(y),p(z)) - H Q (y,z)) dU n LQ {z) dUl Q \y) 
= r 2 JJ <J>l-j-x{z - y)i 2 -m(x - y)i] Q (y)A^(x,z; y) 

K(p(z) - p(y)) - K{z - y)) dU\ Qi (z) dU\ Qi (y). 



Let 9i be the angle between Lq. and Lq. +1 . One can easily see that, for y,z G Lq^ \ (p(z) — 
P(y)) -( z ~ V)\ ^ sin(^)|2 -y\< a(Qi)\z - y\. Thus, if also z G supp^ 2 ^ (• - y), 

\K{p{z) - p{y)) -K{z-y)\< 2^ n+1 \p{z) - p{y)) - (z - y)\ < 2> n a(Qi). 
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Together with Claim 4.5 and the fact that r 2 < 1, this gives 
| f T 2 (H Q (p(y),p(z))-H Q (y,z)) dU n hQ {z) dUl Q \y) 

<2 (ra - 3)(n+1) a(Q,). 
From the last estimates and (4.43), we get 

// ^ - ^ ^ «2, 4 )| ^ 2^)a(Q j ) 

for i = m — 1, . . . , j — 1. With similar arguments, one also obtains 



H Q d(n 



L Ch D X ^i Ck D ~ X 



< 2 Ki)(n+l) a(C()1))) 

< 2 ^ m '^ n+l ^a{C b D). 



These last three inequalities together with (4.42), (4.41) and the fact that \cd\ < 1 yield 



(4.44) 



< 



(a(C b D) + Y, a (Qi)) 

i=m—l 

2 ( m ^)(" +1 ) (a(C b D) + Y, 
■ rti-nn ^ ncnncn 



|G3Sf (x)| < 2 (m-j)(n+l) 
QeVy.QdCeD 



a{R) 



QeV r .QcCeD x RdV:QdR(lC h D 

Finally, (4.40) and (4.44) applied to (4.38) give half of (4.36). 

4.2.4. Estimate of G4f(x). By Fubini's theorem and the definitions of A, and A^, 



y) - A^(x,z; y) = 2 r 



m) 



da 



2 mn / (f Y mftM'Q- 

J{a:x,zeD^,y^D^} \JteD* Q eVj:QcCe D 

Y f r ]Q (t)A^(x,z,t;y)d(a Q -ii)(t). 



da 



»(d*)\(d°: 



QeVj-.QdCeD' 

We also used in the second equality that 1 = J^q&Vj VQ(t) = Y^QeVj- QcC e D VQ(t) f° r ah 
t G if C e is big enough, and this is because j > m — 1 and \x — t\ < 2 _m for all t G 

Claim 4.6. For x €. D, j > rn — 1, \x — y\ < 2~ m , anc/ z G supp^-j-i (■ — y), the following 
hold: \A^\x,z,t; y)\ < 2 m{ - 2n + 1 )^ and \ V t A&\x, z, t ; y)\ < 2 m ( 2 ™+ 1 ). 

Using Claim 4.6 and the properties of vq, we obtain 

|A&(z, z ; y) - A^(z, z ; y)| < Y 2 m ( 2 " +1 )dist Bq (/x, a ) 

QeVj-.QcCeD 

< 2 m(2n+l)-j(n+l) a( Q)_ 

Qe© 3 :QCC e D 



VARIATION FOR SINGULAR INTEGRALS ON LIPSCHITZ GRAPHS 25 

Plugging this estimate into the definition of GAJ l (x) in (4.33), we get 
|G4f(x)|< jjv 2 2 :U{z-y)l2-™{x-y)\K{z-y)\ 

2 m ^ n+1 ^ n+1 ^a(Q) da D (z) da D (y) 

QeV 3 :QdC e D 

< 2( m -^ +1 )«(Q), 

which, together with the estimates of |Gl™(x)| and \G2™(x)\ in subsections 4.2.1 and 4.2.2, 
gives (4.35). 

4.2.5. Estimate of G5j l (x). Arguing as in subsection 4.2.4, we have 



A^(x,z;y)-A^>(x,z;y) = £ / r) Q (t)A^°(x,z,t; y)d(a D - a Q )(t) 

" :Q C, D J 

J H Q (t)d(a D -a Q )(t), 



(4.45) QeDr.qcCD 



QeVy.QdCeD' 

where we have set H Q (t) := r)Q(t)A%f D (x, z, t ; y). 

We are going to estimate the right hand side of (4.45) using the techniques of subsection 
4.2.3. We have 

(4-46) j H Q d{a D - o Q ) = (c D - cq) j H Q dU n Lo + c Q j H Q d(H n Lo - H n LQ ). 

We introduce the intermediate v-cubes between Q G Vj and D E V m to obtain 

(4.47) \c D - cq\ < a{C b D) + £ a{R). 

ReV : QdRdCbD 

Claim 4.7. For x G D, j > m— 1, \x — y\ < 2~ m , and z G supp^-j-i (• — y), the following 
holds: \A$f D (x,z,t; y)\ < 2 m ( 2n + 1 )-i . 

Combining Claim 4.7 with (4.47), we derive that 

(4.48) \c D -c Q \! \Hq\ d%l D < 2"»(2«+i)-i(»+i) L(C b D) + £ a{R)\ . 

J ^ ReV :QdR(lC b D ' 

For the second term on the right side of (4.46), one can also use the arguments in subsection 
4.2.3 (see (4.42) and following) to show that 



(4.49) 



f H Q d{Ul D -Ul Q ) < 2 m ^-^(a(C b D) + £ a(R)) 

J ^ ReV:QdRdC b D ' 

(now it is easier because the function Hn(t) only depends on the first n coordinates of the 
points involved, i.e., it depends only on x, y, z and t, so when we project vertically to deal 
with the image measure, the function Hq is not affected). Therefore, by (4.48), (4.49), 
(4.46), and (4.45), we obtain 

\A X m (x,z;y) - A%>(x,z;y)\ < £ 2 m(2n + i)-,(n + i) L {CbD) + £ a(R) \ 

QeVy. ^ ReV: ' 

QdCeD QdRdC b D 
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From the definition of G5" l (x) in (4.34), we conclude that 



\G5f(x)\ < 



£ 2 m(2n+l)-j(n+l) L {Cb D) + £ a(i?)] 

3j:QcC e D ^ ReV:QcRCC b D ' 

j j <pl-]-A z ~ V)l2-™ (x - y)\K(z - y) \ da D (z) da D (y) 
< £ 2^)(™ +1 )(a(C 6J D)+ Yl a(R)) , 



QdVj:Q<ZC e D v R<=V:QcRCC b D 

which, together with the estimate of \G3J l (x)\ in subsection 4.2.3, gives (4.36). 

4.3. Proof of Claims 4.1, . . . , 4.7. We have to prove: 

• Claim 4.1: We have |A^(x,z; y)\ < 2 mn and |V z A^(x,z; y)\ < 2 m ( n+1 ) for all 
x,y,z G ]R d . 

• Claim 4.2: For j < m, y G suppt^-j-i (^ _ an d |5 — z| < 2 _m y / n, the following 
hold: \/C(x,z; y)\ <2 mn and V y A^(x, z ; y) = 0. 

• Claim 4.3: We have | A& CTD (x, z, t ; y)| < 2 2mn and (VjA^ 15 (x, z, t ; y)| < 2 m ( 2n+1 ) 
for all x, y,z,t £ R d . 

• Claim 4.4: For z G supp^ 2 !^ (• -y), the following hold: |A^(x,z; y)| < 2 m ( n+1 )^, 
|V z A^(x,z; y)| <2 m (™ +1 ), and | V y A^(x, z ; y)| < 2"^ +1 ) . 

. Claim 4.5: For z G supp^ 2 ^ (• - y), \A&(x,z;y)\ < 2 m ( n+1 ^ . 

• Claim 4.6: For x G D, j > m — 1, |x — y\ < 2~ m , and z G suppt^^ (• — y), the 
following hold: |A& A (x,z,i ; y)| < 2 m ( 2n+1 )-J and |V t A& A (x, z, t ; y)j < 2 m ( 2n+1 ). 

• Claim 4.7: For x G D, j > m — 1, |x — y| < 2~ m , and z G suppi^|_j_i (• — y), the 
following holds: | A^f D (x, z, t ; y)| < 2 m ( 2n+1 )^. 

To prove the claims, we need to express the function A at the end of subsection 2.3 in a 
more convenient way. Notice that we can replace by in the definition of A because 
\jl and the n-dimensional Hausdorff measure vanish on dD^. 

For u G W 1 and r > 0, we denote \u\oo '■= max!=i,...,n \u l \, B^u^r) := {v G M. n : 
\u - v |oo < rj^and B™(u) := B^u, 2~ m - 1 ). Given a G R n \ let 6 := a + {2-™- 1 }" G W 1 be 
the center of D^. Then, given q G R. d , 

|^-6U<2- m beBZ(q). 

Let jUi, . . . be positive Borel measures such that ^[(D^) > and fi^dD^) = for all 
a G M™, m G Z and / = 1, . . . , k. Given m G Z and Xi, . . . , Xj, yi, . . . , yj G R d we have, by 
the change of variable b = a + {2- m_1 } n G M n , 

2 nm da 

A^'-'^(x 1 ,...,x i ;y 1 ,...,y j ) 



'{aeR" : x u ...,x^D«, r , u.-HK: } l\Ll M 

(4.50) , 

= 2 nm / Xj?s(^i)n...nj?s(^)n J BS(yi) e n...n J B^fe-)40j 

■/ nt lW (^ {2 ^ 1} ") 

Proo/ o/ Claim 4-1- By (4.50), we have 

(4.51) A^(x,z; y) = 2 nm j ^D^-^y^s^^^^ db. 



db. 



(4.52) 
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Since /*(£>£) > 2- mn for all b G M n , 

|A&(s, z ; y)\ < 2 2mn C n (BZ(x) nB^n B£G7) C ) < 2 2m "£™( J B™(S)) < 2™\ 

To deal with the second inequality in Claim 4.1, we will estimate 

|A&(x, «i ; y) - A&(x, z 2 ; y)|/k - z 2 | 

for zi close enough to z 2 . Recall that, given two sets Fi,F 2 C W 1 , F 1 AF 2 := (F 1 \ F 2 ) U (F 2 \ 
F±) denotes their symmetric difference. Using (4.51), we get 

|A&(x,zi; y)-A^(x,z 2 ; y)| 

< 2 2nm J | Xss(s)nBS( ~ )nBS( ^ c (&) - XB£(^nB£(;£)nB£ (£)<=(&) I dft 

= 2 2nm r t (( J B™(S) n s-(5i) n i?™(y) c )AK(S) n BZ{z 2 ) n i?S(y) c )) 

< 2 2nm C n {BZ{z 1 )ABZ{z 2 )) < 2 2nrn \z 1 - z 2 \2- m(n '^ < 2 m ^\ Zl - z 2 \, 
and the claim follows. □ 

Proof of Claim 4-2. The first estimate has been already proved in Claim 4.1. Let us deal 
with the second one. Notice that if y 6 supp^-j-i ( x ~ ■) then \x — y\ > 2~- ? ~ 1 2.1y / n. Thus, 
if also j < m and \x — z\ < 2~ m y / n, then \x — y\ > 2~ m ^/n and \z — y\ > 2~ m y / n. Therefore, 
B™(x)nB™(z)nB™(y) c = B™(x)nB™{Z) for all y G supp^ 2 ^ (x- •), if \x-z\ < 2~ m ^i. 
This means, using (4.51), that A„(x, z ; y) does not depend on y, so V^A^x, z ; y) = for 
all y G suppyj^-i-i — ")> an< ^ the cl^ 111 is proved. □ 

Proof o/ Claim 4-3. This claim follows by arguments very similar to the ones in the proof of 
Claim 4.1. Just notice that n(D^)a D (D^) > 2~ 2mn for all b € R n . □ 

Proof of Claim 4-4- Using (4.51), we have that 

|A£(x, z;y)\< 2 2mn C n (B™(x) nB™(z)n P™(y) c ) < 2 2m "£«(iC(20 n B™(y) c ). 

Notice that £ n (B™{7) n £™(y) c ) < 2- m (™- 1 ) |y - 2]. Since z G supp^ 2 ^ (• - y), \y-z\< 
2-^3^/E. Thus, £ n (B™(z) n B™{y) c ) < 2-™(™- 1 )-i, and then |A^(x,z ; y)| < 2 m ( n+1 )^. 

In Claim 4.1 we already proved that \V z Am(x,z; y)\ < 2 m< - n+1 \ Finally, to prove that 
\V y Am(x, z ; y)\ < 2 mi ~ n+l \ one can repeat the computations done in (4.52) but applied to 
the y coordinate and use that £™(yi) c A£™(y 2 ) c = 5™(yi) AB™(y 2 ) . □ 

Proof of Claim 4-5. This claim is included in the previous one. □ 

Proof of Claim 4-6. Recall that A = Y^QeVj ■ QcC e D 7 lQ a Qi where C e is some fixed constant 
big enough (see the beginning of subsection 4.2). Using the properties of tjq and that C e is 

big enough, it is not difficult to show that \{D m 1 1 ) > 2~ mn for all b G W 1 such that 
b G B™(x) (recall that x G D and j > m — 1). Therefore, by (4.50), 

|A£ A (x, z,t;y)\< 2 3 "™£"(£™(x) nB%(z)n B™(t) n B-(y) c ) 
<2 3 "-£«(B-(i)n J B-(y} c ). 

As in the proof of Claim 4.4, we have £ n (B™(7) n B™(y) c ) < 2-" t ( n - 1 )^' for all z G 
supp^fltiO - y). Thus, \A^\x,z,t ; y)| < 2™( 2 ™+ 1 )-^, as wished. 
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For the second estimate in Claim 4.6, we argue as in (4.52). For t± and t 2 close enough, 
\A^ x (x,z,h; y)-A^ x (x,z,t 2 ; y)\ 

< 2 3nm J \x B rn (x)nB™ (z)nB™ (ti)nB™ (y) c (^) ~ Xs-(J)nB-(2)nB-(fa)nB-(y)=( & )l d6 

< 2 3nm £ n (P™(f 1 )A J B™(£ 2 )) < 2 3nm \t 1 - t 2 \2- m{ - n -^ < 2 m ( 2n+1 )|t! - t 2 \, 

and the claim follows by letting t\ — >■ t 2 . □ 

Proo/ of Claim 4-7. This claim is proved as the first estimate in Claim 4.6, replacing u by 
a D (we only used that n(D^) > 2- mn for all b G M n , which also holds for <r D ). □ 

5. Proof of Theorem 3.2 
Given x G T, let {e m } m6 z be a decreasing sequence of positive numbers such that 
(5-1) S^x) 2 <2^ £ |(K^ r+i */,)(x)| 2 , 

jeZ meZ:e m ,e m+1 eIj 

so {e m } meZ depends on x. 

Fix j £ Z and assume that x £ D, for some D £ Dj. Let L^i be an n-plane that minimizes 
a(-D) and let <td := cjyH! r l D be a minimizing measure for a(D). Let L|j be the n-plane 
parallel to Ld which contains x, and set a x D := cjyHJl* ■ 

By the antisymmetry of the function K, and since o x D is a Hausdorff measure on the 
n-plane L X D and x G Lf), we have 

(A>,-- +1 , = - y)K( X - y) - 

for all m G Z. Therefore, we can decompose 

(5.2) * A*) (*) = (^T +1 * fa - °d))(x) + (^ e e - +1 * (<t d - <J x D )){x). 

For every m G Z such that e m , e m+ i G ij we will prove the following inequalities: 
(5-3) l(^r + i * fa - °d))(x)\ < 2i\e m - e m+1 \a(D), 

(5.4) \(K^ +1 * (c-D - a x D ))(x)\ < 2 2 i\e m - e m+1 |dist(x, L D ). 

Assume for a moment that these estimates hold. Then, by (5.2), 

\(K<p% +1 */x)(z)| < V\e m - e m+1 \ (a(D) + 2?dist{x,L D )) . 
Then, using (5.1), we conclude that 



\\S»\\h w <2j2Y, I E \{K^ Z+1 ^){x)\ 2 dn{x) 

$EE / Ud)^-^^ 1 )* E C-. 
< Ea(D) v (D ) + E / (^tlr 1 ) 2 ^ 



e m+l| 



2 

dfj,(x) 



Notice that, under the integral sign on the right hand side of the first inequality above, e m 
and e m+ i depend on x. It is not obvious that the resulting function is measurable. To deal 
with this issue more carefully, we might first ask {e m } m< =z to lie in some finite set, prove 
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the variational norm inequality with constants independent of the set, and then enlarge the 
set. Then, by monotone convergence we would obtain the result with {e m } m& z restricted to 
a countable set dense in (0,oo). The final theorem would follow then from the continuity 
properties of the operators involved. This applies to other similar situations in the paper. 
However, for the sake of conciseness, we will skip further details. 

The second term on the right hand side of the last inequality coincides with W\\i (see (4.6)), 
thus it is bounded (modulo constants) by J^Dev ( a (-^) 2 + h{D) 2 ) n(D) , and Theorem 3.2 
is proved. 

It only remains to verify (5.3) and (5.4) for x G D G Vj and m G Z such that e m , e m+ i G Ij. 
First of all, notice that pf m , , satisfies 



(5.5) 



\x-y\ 
loo \x y 

For i 



\x-y\ 



< 



\x-y\ \x-y\ 



for all y G supp ¥> £ € ™ +1 — 

(^ m (x-y)) 

Hence, 



1, . . . ,d, 



< 2 J \e m - e m+ i\ 



\x - y\ 



\dyi ((P. 



fm+1 



■x 



< 



< 



y))\ 



< 

\x -y\ 

loo 



\x - y\ 

1 

Cm 







\x - y\ 



\x - y\ 



X[l,n](«)- 



1 



1 



x-y\ 



+ 



x- y| 



~ y\ 



Since e m , e m+ i G Ij, we deduce from the previous estimate that, for x — y G supp ¥> e e ™ +1 ; 



(5.6) 



< 



2*k 



We are going to use (5.5) and (5.6) to prove (5.3) and (5.4). Let us start with (5.3). Since 



e m , e m+ \ G Ij, we can assume that supp tp 



£m+l ' 



C Bd, by taking Cr big enough. 



By (5.5) and (5.6), for all y G supp <^ e e ™ +1 (x — •), 

V, - y)K(x -y))\< 2^\e m - e m+1 \, 



hence 



\(Kip£ +1 * (fi - a D )){x)\ < 2^™+ 2 )|e m - e m+1 |dist SD ( M ,^) < 2^'|e m - e m+1 \a(D), 



pd—n 



which gives (5.3). 

In order to prove (5.4), set L X D = {(t,a(t)) G R d : t G MJ 1 }, where a : W 1 -)• K"-~'° is an 
appropriate affine map, and let p : — > L X D be the map defined by p(t) := (t,a(t)). Since 
T is a Lipschitz graph, a is well defined and p is a homeomorphism. Let p{H\ be the image 
measure of T~t 1 l D by p. It is easy to see that, \y — p(y)\ ~ dist(x, Ld) for all y G Ld. Notice 
also that the image measure p{HJl D coincides with H\ x . Therefore, since <fe™ +1 ( x ~ y) onr y 
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depends on x — y , 

{K<p£ ¥1 *(* D -o* D )){x) = c D [ ^ +1 (x-y)K(x-y)d(H n LD -p t H n LD )(y) 
(5-7) J 

= c D / V £ (x - y)(K(x - y) - K(x - p(y))) dH n Lo (y). 



For y G supp <p e e ™ +1 (x — •) fl Lp, we have 

|if(x - y) - K(x - p{y))\ < 2^" +1 )|y - p(y)\ « 2^ t+1 )dist(x, L D ). 
Plugging this estimate and (5.5) into (5.7), we conclude that 

I i Kl ftZ+i * (^ - °r>))(*)l £ 22 'l e ™ - Wi|dist(x, L D ), 
which gives (5.4); and the theorem follows. 

6. L 1 LOCALIZATION OF Vp O 7^> r AND O o 7^ r 

From here till the end of the paper, r := {x G M. d : x = (x, A(x))} will be the graph of a 
Lipschitz function A : W 1 — » R d_n , without any assumption on the support of A. 

Theorem 6.1. Let p > 2. T/iere exisi C\,Ci > suc/i i/iai, /or every / G L°°(7^p) supported 
inTHD (where D := D x R d ~" and 5 is a cuOe o/M n J, 

(6.1) J D ((V p oT?nf) 2 dHZ < C.WfWl^^HUD) and 

(6.2) j D {{OoT^)f) 2 dU n T < C 2 \\f\\l~ { u^{D). 

XTie constant C2 does not depend on the fixed sequence that defines O. 

We will only give the proof of (6.1), because the proof of (6.2) follows by very similar 
arguments and computations. 

We claim that it is enough to prove (6.1) for all functions / such that /(x) rj 1 for all 
x G T n D. Otherwise, we consider g(x) := \\f\\1^o^ H n^f{x) + 2xd(x), which clearly satisfies 

g(x) « 1 for all x G T n D. Since / = \\f\\ L ^(H^) (d ~ 2 Xd), 

(V p o T~ r )/(x) < H/IUoo^p) ((V p o T~ r )<7(x) + 2(V P o T^)XD(x)). 
Applying (6.1) to the functions g and xd, we finally get 

((VpoTf^/) 2 ^^!!/!!!.^^^). 

ID r 

Given / and D as in Theorem 6.1, from now on, we assume that / ~ 1 in T fl D. Let 
zd be the center of D and set zd '■= (zd,A(zd)). One can easily construct a Lipschitz 
function A D : M n -»• M d - n such that Lip(^ D ) < Lip(A), Ar>(x) = A(?b) for all x G (3Z)) C , 
and Ad(x) = A(x) for all x € D. Let be the graph of An and define the measure 
H := T~(-r D \D + /^r D nD' Notice that X(3D) c M is supported in the n-plane L := ]R n x {A(zd)} 
and xo/ 1 = /^rnD- 

Since / « 1 in F D D and xd^ = (1 — X(3D) c ~~ X3£>\dV) we can decompose 

/ ((v p °rj%) 2 d^p« / Vp(^*( XD ^)) 2 ^ 

< / (V p (K(p* p) + Vp(Ktp*(x {3D) cp))+V p (K(p*(x 3D \ D n))) 2 dfi. 

JD 



L 
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In the next subsections, we will see that f D V p (Kip * /j,) 2 dfj,, f D V p (Kip * (X(3D) c ^)) 2 dfj,, 
and f D V p (K(p * {xsd\d^)) 2 d\x are bounded by C/j,(D), and (6.1) will follow. 

6.1. Proof of J D V p (K(p * n) 2 d/j, < n{D). Fix x G supp^, and let {e m } me z be a decreasing 
sequence of positive numbers (which depends on x) such that 

(6.3) {V p {K<p*n){x)y < 2 £ \(K^ +1 

For j G Z we set ij := [2 - -? -1 , 2~- J ). We decompose Z = 5u£, where 

5 := U ^ := l meZ: e m,Wi G Ij}, 

(6.4) jez 

£ := {m G Z : e m G ij, e m+ i G Ij for i < j}. 

Then, E mez \(K^: +1 * n)(x)\<> = Z meS * n)(x)\" + Z me c * 
Notice that, since the £ p (Z)-norm is smaller than the £ 2 (Z)-norm for p > 2, 

(6.5) ^i(^r +1 *^)Wi p <^) p , 

where Spi(x) has been defined in Theorem 3.2. 

Let us now estimate the sum over the indices m G C. For m G Z we define j(e m ) as the 
integer such that e m G Ij( em )- Since {e m } mg ^ is decreasing, given j G Z, there is at most one 
index m G C such that e m G Ij. Thus, if k,m G C and k < m, one has j( e fc) < j(e m ). 

With this notation, we have 

^ \(K<p£ +1 *^)(x)\p = Y, l(*¥W *M)(z) " 

£ E l(^6 m+1 */*)(*) - (^-iW)- 1 *^ 1 )!' 
+ X] K%''WiH * M)(z) - 
( 6 - 6 ) + E l^( em+ i)+iM(^) - E 0(em)+ll x{x)\P 

+ E l- E7 j(em)+l/*( a; ) - (Kip 2 -j(e m )-l * LI){X)\ P 

+ Yl \( Kt P2-i(em)-i * li)(x) - (Kip tm * n)(x)\ p 

< Sfi( x y + wn( x y + v p (E^(xy, 

where Sfi(x) and Wfi(x) have been defined in Theorems 3.2 and 3.1, respectively, and V p (Efi) 
is the p-variation of the average of martingales {E m pi} m& z from subsection 2.3. Therefore, 
by (6.5), (6.6), and (6.3), we deduce that 

V p (K<p * n)(x) < Sfi(x) + Wn{x) + V p {Efi)(x) 

for all x G suppp, and so 

(6-7) / V p (Kp*ti) 2 dti < ||^||| 2(/1) + \\Wv\\ 2 L2M + ||V P (^)||| 2(/1) . 

J D 
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Clearly, Theorem 2.7, Theorem 3.1, and Theorem 3.2 can be applied to the measure p, 
because supp/i is a translation of the graph of a Lipschitz function with compact support. 
These theorems in combination with (6.7) yield 

(6.8) / V p (K<p * p) 2 dp < d (p(3D) + V (a M (C 2 Q) 2 + fa^Q) 2 ) p(Q)) , 

where C\,Ci > only depend on n, d, K, Lip(A), and p (the condition p > 2 is used 
to ensure the L 2 boundedness of V p (Ep)). Obviously, p(3D) ps p(D) and, since X(3D) c A* 
coincides with the n-dimensional Hausdorff measure on an n-plane, using Remark 2.2 it is 
easy to check that ^q £ x> (o^(C2<3) 2 + f^2,^(Q) 2 ) n(Q) ^ p(3D). Hence, we conclude that 
f D V p (K<p *p) 2 dp: <p(D) by (6.8). 

6.2. Proof of J D V p (Kip * (X(3D) c A*)) 2 ^ ^ fi>(D). Fix x G supp^i n D, and let {e m } me z be 
a decreasing sequence of positive numbers (which depends on x) such that 

(6.9) (V p (Kip*(x {3D) cp))(x)) p < 2 K^ e r +1 * (X(3Dy»))(x)\ p . 

m£Z 

Recall that 2b is the center of D, zd '■= (zd,A(zd)) and L := W 1 x {t4(2d)}. Since 
X(3_D) c / u = ^l\3D an< ^ * s * ne cen t er of L n D, (if <^f * (X(3D) c / u ))( 2: -d) = for all < e < <5. 
Thus, \{Kip^ +1 * (x(3D)cp)){x)\ = \{K^ +1 * (X(3D)^))(x) - (K<p^ +1 * (X(3D)cfi))(z D )\ < 
61 m + ©2 m , where 



(6.10) 



ei m := / ^^-^l^-^-^D-y)!^), 

J{3DY 

@2 m := / -y)~ ^Z+S z D - v)\K(z D - y) dp{y). 

J{3DY 



Since x G supp/i D D and A is a Lipschitz function, we have \x — zd\ % and then 

\K(x -y)- K(z D - y)\ < \x - z D \\z D - y^ 1 < £(D)\z D - y^ 1 for all y G (3D) C . 
Therefore, using that Ylmezfem+i — ^ anc ^ tna * P > ^ 



(6.ii) f 2 01 -1 /P ^ E 01 ™ £ / - y\~ n ~ l My) < i- 



To deal with ©2 m , we decompose Z = S U £ as in (6.4). As before, given m £ Z, let j(e m ) 
be the integer such that e m G Ij( 6m )- Observe that 

suppc^™ +i (x - •) C A(S,2.1 v / ^2~ J ' (em + l) - 1 ,3^/n2- J ' (em) ) x R d " n =: A m (x). 

Notice also that the sets A m (x) have finite overlap for m £ C, and the same is true for the 
sets A'^x) := A(x, 2.1 A /n2^ _1 , 3y/n2~ j ) x R d ~ n for j G Z. The same observations hold if 
we replace x by zd (and x by 2d). Obviously, A m (x) C -Aj(x) (and A m (zD) C ^(zd)) for 
m £ Sj. 

Assume that m G 5. With the same computations as those carried out in (5.6), one can 
easily prove that, for all z — y G supp<£> e e ™ +1 , 

V/ e™ / \\ I «<- / II / II i II // II \ Z y I ^ m ~ ^ cti(em) ^ m — 

*{<pZZ-i( z -y))\Z[ IIvrIU~cr) + II^IU-w- — — — ^ 2X j ■ 

\ tm+l / tratra+l |^ y| 
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because \z — y\ ~ e m ps e m+ i f» 2 J, ( <Em ) for all z — y G supp<p,f™ +1 and m £ S. In particular, if 
z G D and y G (3 J D) C , |V,(^ +1 (z - y))| < 2^™)|e m - e m+1 \\z D - y\~\ Hence, 



62 m < / £(D)2^™) 

'(A m (rE)UA m (z D ))\3D 



d/J-(y), 



and then, 



1/P 



< 



E 



e5 J (A m (x) U A m (2 D ))\3D 



\z D - yl^ 1 



(6.12) 



i{D) 



z D - y\ n+1 



< 



(A',(x)VjA'.(z D ))\3D \ZD ~ V\ n+1 



[ e(D }. +1 d»{y) < 1. 

J (3D)" \ZD ~ y\ n+1 



E 

rag 5,- 



2-3 



dfi(y) 



Assume now that m G C. It is easy to check that \V z {ip^ +1 {z — y)) \ < \z — y\ 1 for all 
z,y G M. d . So, if also z € D and y G (3L>) C , \V z (ip^ +1 (z - y)) \ < \z D - y]' 1 . Therefore, 

Vp _ r 



(6.13) 



(E 02 ^) ^E / 



< 



'(A m (x)uA m ( 2c ))\3D |2£> - ?/| n+1 



(3D)- \ZD~V\ 



Finally combining (6.11), (6.12), and (6.13), with (6.9) and the fact that {K<p 
{X(3D) c l 1 )){ x )\ ^ ©1m + ©2 m , we conclude that 

/ \ 1 /p / \ 1 /p / \ 1 /p 

V p (K(p*(x(3D)°l*))(x) ^ ( E 01 ™J +(E 02 -) +(E 02 ™) 

for all x G suppp n D. Therefore, f D V p {Kip * (x(3D) c / u )) 2 d[i < n{D). 

6.3. Proof of J D V p (Kip * {X3D\D^)) 2 ^ M-^)- Fi x x e supp/i n D. Since p > 1, 

Vp{Kip*{x3D\Dfj-)){x) = sup E / ^ e r+i( x - - y) d ^y) 



£ m+l 



< 



sup E / ^ +1 {x-y)\K{x-y)\dfi{y) < \K {x - y)\ dfi{y) . 

{*™} mG7 J3D\D J3D\D 



By a standard computation, one can show that 



\K{x-y)\dfi{y)\ dn{x) < fi{D), 
ID \J3D\D J 

hence we conclude that f D V p (Kip * {x3D\Dlj)) 2 dlJ> < ^{D). 

7. W AND ENDPOINT ESTIMATES FOR V p oT<p r AND O o Tip r 

We denote by H l (W£) and BMO{%^) the (atomic) Hardy space and the space of functions 
with bounded mean oscillation, respectively, with respect to the measure H^- These spaces 
are defined as the classical H l (R d ) and BMO{R d ) (see [Du, Chapter 6], for example), but 
by replacing the true cubes of R d by our special v-cubes. 
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i-L n i~t n 

Theorem 7.1. Let p > 2. The operators V p o Tp r and o 7^> r are bounded 

• in L p {%y) f or 1 < P < °°; 

• /rom fl^ftp) to L 1 {Wf), 

• /rom L 1 ^?) to L 1 ' 00 (7^p), and 

• /rom L°°(H^) to BMO(Wf), 

and the norm of O oTj, r in t/ie cases akwe is bounded independently of the sequence that 
defines O. 

We will only give the proof of Theorem 7.1 in the case of the p- variation, because the 
proof for the oscillation follows by analogous arguments. 

7.1. The operator V p o T^ : H 1 ^) -»• L l {U^) is bounded. Fix a cube flcl" and 
set D := D x M ' - ™. Let / be an atom, i.e., a function defined on V and such that 

(7.1) supp/ C £>, H/IUco^n) < ^^y, and J f dH$ = 0. 

We have to prove that J* (Vp o 7^> r )/ dH^ — f° r some constant C > which does not 

depend on / or D. Since (Vpo7^ T )f(x) is well defined and non negative for / G L ("Hp), the 

uniform boundedness of V p o Tp r on atoms yields its boundedness from H l {Wf) to L 1 {T~Ly) 
by standard arguments. We omit the details. 

First of all, by Holder's inequality, Theorem 6.1, and (7.1), 

) V J 3D 

< Wf (3D) 1 ' 2 (||/||i» W) W?(3D)) " 2 < 1. 



/( 

J 3D 



Thus, it remains to prove that Jf S jj\c(V p o Tip F )f dH^ — C. 

Given x £ T \ 3D, let {e m } ml =z be a decreasing sequence of positive numbers (which 
depends on x) such that 

(7.2) ((v P oT?nmy < 2 £ * mm^, 

where J := {m G Z : supp ¥><f™ +1 (x — ■) D supp/ / 0}. 

Set Z£> := (zd,A(zd)) € D flT, where is the center of 73. By (7.1), we have / <p\{x — 
zd)K(x — ZD)f(y) dH^iy) = for all < e < S. Thus, given m € J, we can decompose 

* (/?*?))(*) = J ^ :+1 (x - y) (K(x -y)- K(x - z D )) f(y) dU^y) 

+ / {rt: +1 (x-y)-rt: + A x - z D))K(x-z D )f(y)dHKy), 

and we obtain \(Kcp£ +1 * (/Wp))(a;)| < ||/|| L <»(«?)(©lm + @2 m ), where 

ei m : = ^ <r +1 (* - v) \ R ( X -v)- K ( x - z °)\ <*Ht(v), 

Q2 m := I \ lf :™ +1 (x-y)- lf % +1 (x-z D )\\K(x-z D )\dH?(y). 

J D 
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The term Gl m can be easily handled. For x £ T \ 3D, we have 

(7.3) Ql m <e(D)dist(x,D)- n - 1 f <p% +1 (x-y)dHm- 

JD 

Let us estimate 02 m . Decompose J = S U C, where S and C are as in (6.4) but replacing 
m G Z by m G J, and as before, let j( e m) be the integer such that e m G Ij(e m )- Using that 
x G r\3D and supp/ C -D, one can easily check that C contains a finite number of elements, 
and this number only depends on n and d. Similarly, Sj = for all j G Z except on a finite 
number which only depends on n and d. 

Assume that m G S. With the same computations as those in (5.6), one can prove that, 
for all y G supp^ +1 (x - ■), \V y (<p£ +1 (x - y))\ < 2^™)|e m - e m+l \\x - y\~ l , because 
\x - y\ ~ e m ps e m+ i « 2-J'( em ) for all y G supp<^ e e - +1 (a; - •)• Thus, 

(7.4) 62 m < t{D) n+1 distOr,!})-"-^-)^ - e m+ i|. 

Assume now that m G £. It is easy to verify that \V y {ip^ +1 (x — y))| < |5? — so 
02 m < l{D) n+1 dist(x, Z))-"- 1 . 

Combining this last estimate with (7.3), (7.4), the fact that \(Kip*™ +1 * 0*0 1 ^ 

||/||£,oo(^n)(01 m + 02 m ), the remark on S and £ made just after (7.3), (7.2), and that p > 1, 
we have that, for all x G F \ 3D, 

(Vp O T^)/(X) < H/llico^n) ( ^ 01 m + ^ 92 m + 

rag J mdS m£C 

< ll/ll^ ( ^) ^r +1 ^ /• J(wn/ . A , l^-wil 



dist(x, L>) n+1 



m6J m£S mg£ 



n+l 



dist(x, L>) n+1 

Then, using (7.1) and standard estimates, we conclude that 

-■WPw, ^ M ,n, ^ /" H/IU~(«?)W + ' 

/(3D) C 



^3 



w» r ll/IU«»f«»^(- D ) n+1 



-ft? 



7.2. The operator V p oT^ v : L°°(H£) -> BMO{?i£) is bounded. We have to prove that 
there exists a constant C > such that, for any / G L°°('Hp) and any cube -D C W 1 , there 
exists some constant c depending on / and D such that 



| (V p o ?f r )/ - c| c^? < C||/|| Loo(w?) WP(£)). 



Let / and D be as above, and set f\ := fx3D and /2 ■= f — fi- First of all, by Holder's 
inequality and Theorem 6.1, we have 

j D (V p o 7f F )/i dftp < U^D) 1 / 2 ( J ((Vp o Tj%i) 2 V2 

<?W) 1/2 (ll/illioc W) HF(3^)) 1/2 < WfU^nKD). 
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Notice that |(V P o V r )(/i + f 2 ) - (V p o V r )/ 2 | < (V p o V r )/i, because V p o T* T is 
sublinear and positive. Then, for any c£l, 

|(V P o 7? r )(/i + / 2 ) - c\ < \(V P o 7? r )(/i + f 2 ) - (V p o T^)h\ + |(V P o r^)h - c\ 

< (v p o7^ r )/i + l(v P or^ r )/ 2 -c|, 

hence we are reduced to prove that, for some constant c 6 M, 

(7.5) / |(V p or^)/2-c|dH?<C||/|| £ =o (w?) W?(I>). 

Set zd := (zD,j4(zfl)), where 2d is the center of D, and take c := (V p o 7^> r )/ 2 (£D)- We 
may assume that c < oo (this is the case if, for example, / has compact support). 
Given a family a := {a e } e >o C C, define its ^-variation semi-norm to be 

\\a\\ Vp = sup ( km+i - a e 

{e m } V mgZ 

where the supremum is taken over all decreasing sequences {e m } m ez C (0, oo). Since || • ||y 
satisfies the triangle inequality, we have |||a||v p — ll&Hv p | < ll a ~~ b\\v p f° r an a := { a e}e>o and 
6 := {6 € }e>0) where a — b := {a e — b t } t> o. Hence, 

\(V p oT^)h( X ) - C \ P < SUP Yl K*K? +1 * (/2«P))(*) - * (/2«?))(^)|". 

{em\0} mgZ 

Given x G mD, let {e m } m< =z be a decreasing sequence of positive numbers (which depends 
on x) such that 

|(V P o 7^ ? )/ 2 (z) - c |" < 2 ^ |(K^ r+1 * (/ 2 «P))0r) - (K^ +1 * (/ 2 w?))(^)r. 

Notice that |(i^ +1 * ~ (^C * CW))(^)I < ll/IU<» (w? )(ei m + 62 m ), 

where 01 m and 02 m are as in (6.10) but replacing fi by 7^p. It is straightforward to check 
that the arguments and computations given in subsection 6.2 to estimate the two terms in 
(6.10) (see (6.11), (6.12), and (6.13)) still hold if we replace fi by Therefore, we have 

Y (©im + 62 m y < 1, 

m&L=S\JC 

which impies that |(V P o T v r )/ 2 (x) — c | < an d, by integrating in D, gives (7.5). 

7.3. The operator V p o 7^ r : L p (%p) -»• L p (7^p) is bounded for all 1 < p < oo. Since 

V p o 7^> r is sublinear, the L p boundedness follows by applying the results of subsection 7.1 
and subsection 7.2, and the interpolation theorem between the pairs (H 1 (U^) , L 1 (U^)) and 
(L°°(n^),BMO(n^)) in [Ju, page 43]. 

Given a v-cube Q C M d , set m Q (f) := Ti^QY 1 f Q f ' dH^, and let M denote the Hardy- 
Littlewood maximal operator with respect to T, i.e. for x G T, M(/)(x) := supmg(|/|), 
where the supremum is taken over all v-cubes Q C M. d containing x G T. Let M" be the 
sharp maximal operator defined by M"(/)(x) := suptoq(|/ — m,Q(f)\), where the supremum 
is also taken over all v-cubes Q C M. d containing x 6 T. 

One comment about the interpolation theorem in [Ju, page 43] is in order. Given an 
operator F bounded form H 1 to L 1 and from L°° to BMO, in the proof of the interpolation 
theorem applied to F, one uses that M$ o F is sublinear (i.e. (M" °F)(f + g) < (M tt oF)f + 
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o F)g for all functions /, g). This is the case when F is linear. However, V p o r is not 

linear, and then it is not clear if o V p o 7^ r is sublinear. Nevertheless, this problem can 

be fixed easily using that V p o Tp r is sublinear and positive (that is (V p o Tp r )f(x) > for 
all / and x), as the following lemma shows. 

Lemma 7.2. Let F : L\ oc {%y) — > L\ oc (%y) be a positive and sublinear operator. Then 
(M» o F)(f + g) < (M o F)/ + (M» o F) 5 /or all functions /, g. 

Proof. If F is sublinear and positive, one has that \F(f)(x) — F(g)(x)\ < F(f — g){x) for 
all functions f,g € L} oc (W£). In particular, + #)(x) - F(</)(a;)| < F(f){x). Then, for 

TO + " mo(F^)| < \F(f + - + \Fg(y) - m Q (Fg)\ 

< \Ff(y)\ + \Fg(y)-m Q (Fg)\. 

Hence, m Q \F(f + g)-m Q (Fg)\ < m Q \Ff\+m Q \Fg-m Q (Fg)\ < {MoF)f(x) + {M*oF)g(x) 
and, by taking the supremum over all possible v-cubes Q 3 x, we conclude (M" o F)(f + 
g)(x)<(MoF)f(x) + (M*oF)g(x). ' ^ □ 

By using Lemma 7.2 and the fact that ||M/|| LP(W n } < HMf/H^^n) for / G L P0 (Wf) n 
L p {%y) and 1 < po ^ P < °°j one can reprove Journe's interpolation theorem applied to 
Vp o r with minor modifications in the original proof. 

7.4. The operator V p oT" r : L 1 ^) -»• L 1 ' 00 ^) is bounded. By adapting [CJRW2, 
Theorem B] to our setting and using the smoothnes of the family <p, one can show that the 

L {Hy) boundedness of V p o r yields the boundedness of this operator from L x (^p) to 
L 1 '°°(^p;). The interested reader may see [MT], where a more general result is proved. 
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